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SIMPLE CLOSED GEODESICS ON HYPERELLIPTIC
TRANSLATION SURFACES
YOSHIHIKO SHINOMIYA
Abstract. In this paper, we give the maximal numbers of dis-
joint and non-homotopic closed geodesics which do not contain sin-
gularities for translation surfaces in the hyperelliptic components
Hhyp(2g−2) and Hhyp(g−1, g−1). We show that translation sur-
faces in the components are described from certain nets. We also
give a classification theorem for translation surfaces in Hhyp(4).
1. Introduction
A translation surface (X,ω) is a Riemann surface X together with
a holomorphic 1-form ω on X . The 1-form ω induces a singular Eu-
clidean structure on X . We can also construct a Euclidean structure
on a compact Riemann surface X from a holomorphic quadratic dif-
ferential q on X . The pair (X, q) is called a flat surface. Translation
surfaces and flat surfaces are important for Teichmu¨ller theory. The
Teichmu¨ller space Tg is the space of equivalence classes of marked Rie-
mann surfaces of genus g. The Teichmu¨ller space Tg has a complete
metric called Teichmu¨ller metric. By the uniformization theorem, Te-
ichmu¨ller space Tg is also regarded as the space of equivalence classes
of marked hyperbolic structures on a surface of genus g. From this,
Teichmu¨ller spaces are studied through the hyperbolic geometry on
surfaces. However, deformations of Riemann surfaces along geodesics
on the Teichmu¨ller space Tg are difficult to understand from hyperbolic
structures. The Teichmu¨ller theorem claims that Teichmu¨ller geodesics
on Tg are represented by the deformation of translation surfaces and
flat surfaces.
The moduli space Hg of translation surfaces of genus g is stratified
by the orders of zeros of 1-forms. Fix g ≥ 2. For positive integers
k1, . . . , km satisfying k1 ≤ · · · ≤ km and k1 + · · · + km = 2g − 2, the
stratum H(k1, . . . , km) consists of all equivalence classes of pairs (X,ω)
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such that ω has exactly m zeros of orders k1, . . . , km. Kontsevich-Zorich
[KZ03] proved thatH(k1, . . . , km) has at most 3 connected components.
The stratum H(2g−2) and H(g−1, g−1) have connected components
called hyperelliptic component. We denote them by Hhyp(2g − 2) and
Hhyp(g−1, g−1), respectively. A translation surface (X,ω) ∈ H(2g−2)
(resp. H(g − 1, g − 1)) is an element of Hhyp(2g − 2) (resp. Hhyp(g −
1, g − 1)) if and only if X has the hyperelliptic involution τ and it
satisfies τ ∗ω = −ω. We call translation surfaces in H(2g − 2) ∪H(g −
1, g − 1) hyperelliptic translation surfaces. In the case of genus 2, we
have H(2) = Hhyp(2) and H(1, 1) = Hhyp(1, 1).
In this paper, our main interest is hyperelliptic translation surfaces
and their simple closed geodesics. On a translation surface, a closed
geodesics may pass through some singularities. We call a simple closed
geodesic without singularities regular. One of our problem is to find
the maximal number of regular closed geodesics on a translation surface
(X,ω) which are disjoint and not homotopic to each other. We denote
the maximal number of such regular closed geodesics by N(X,ω). For
hyperbolic surfaces of genus g ≥ 2, such maximal number is 3g − 3.
It is given by pants curves and depends only on the topological types
of surfaces. For translation surfaces, the maximal numbers depend
on their strata. Nguyen [Ngu17, Theorem 2.8] investigated the case of
genus 2. If (X,ω) ∈ H(2), then N(X,ω) = 2 holds. If (X,ω) ∈ H(1, 1),
then N(X,ω) = 3 holds. One of our main theorems is a generalization
of this result.
Theorem 2.14. Let g ≥ 2. If (X,ω) ∈ Hhyp(2g−2), then N(X,ω) = g
holds. If (X,ω) ∈ Hhyp(g − 1, g − 1), then N(X,ω) = g + 1 holds.
Another our problem is to understand the forms of translation sur-
faces. Examples of translation surfaces are easily constructed from
some polygons. However, in general, translation surfaces are just pairs
of Riemann surfaces and holomorphic 1-forms. For a translation surface
(X,ω), we do not know polygons to construct (X,ω). The following
result gives a way to construct (X,ω) ∈ Hhyp(2g−2)∪Hhyp(g−1, g−1)
from parallelograms.
Theorem 3.20. Let (X,ω) ∈ Hhyp(2g − 2) ∪Hhyp(g − 1, g − 1) and τ
the hyperelliptic involution of (X,ω). Given a saddle connection s on
(X,ω) which is invariant under τ .
(1) If (X,ω) ∈ Hhyp(2g−2), then (X,ω) is constructed from 2g−1
parallelograms as in Figure 15 by gluing same labels so that the
sides with label b1 correspond to s. Moreover, there exist regular
closed geodesics α1, . . . , αg, β1, . . . , βg satisfying the following:
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• each of the geodesics is invariant under τ ,
• αi (i = 1, . . . , g− 1) passes through the points correspond-
ing to the centers of the parallelograms with labels 2i − 1
and 2i
• αg passes through the mid points of sides with label ag,
• β1 passes through the mid points of sides with label b1,
• βi (i = 2, . . . , g) passes through the points corresponding
to the centers of the parallelograms with labels 2i− 2 and
2i− 1 and
• the family {α1, . . . , αg, β1, . . . , βg} fills up (X,ω).
(2) If (X,ω) ∈ Hhyp(g−1, g−1), then (X,ω) is constructed from 2g
parallelograms as in Figure 16 by gluing same labels so that the
sides with label b1 correspond to s. Moreover, there exist reg-
ular closed geodesics α1, . . . , αg, β1, . . . , βg, βg+1 satisfying the
following:
• each of the geodesics is invariant under τ ,
• αi (i = 1, . . . , g) passes through the points corresponding
to the centers of the parallelograms with labels 2i− 1 and
2i
• β1 passes through the mid points of sides with label b1,
• βi (i = 2, . . . , g) passes through the points corresponding
to the centers of the parallelograms with labels 2i− 2 and
2i− 1,
• βg+1 passes through the mid points of sides with label bg+1
and
• the family {α1, . . . , αg, β1, . . . , βg+1} fills up (X,ω).
In the case of Hhyp(4), it is proved by Nguyen [Ngu11, Theorem
1.1]. For translation surfaces in Hhyp(2g − 2) ∪ Hhyp(g − 1, g − 1)
which are called Veech surfaces, this theorem is given by [NPS20, In
the proof of Proposition 7.4]. We also prove the following theorem for
Hhyp(4). Here, St5 is a translation surface in Hhyp(4) constructed from
five squares and GL(2,R) · St5 is its GL(2,R)-orbit. A simple cylinder
is a cylinder in a translation surface which is foliated by parallel regular
closed geodesics and each of whose boundary components passes the
singular point only once.
Theorem 4.2. Let (X,ω) ∈ Hhyp(4) and τ the hyperelliptic involution
of (X,ω). If (X,ω) 6∈ GL(2,R)·St5, there exist disjoint simple cylinders
C1, C2, C3 each of which is invariant under τ . If (X,ω) ∈ GL(2,R) ·St5,
then (X,ω) has at most two disjoint simple cylinders.
This theorem gives us other constructions of translation surfaces in
Hhyp(4).
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Corollary 4.3 (Classification Theorem for translation surfaces inHhyp(4)).
Let (X,ω) ∈ Hhyp(4)\GL(2,R) ·St5. Then, there exists a meromorphic
quadratic differential q on Cˆ with a zero p0 of order 2 and six sim-
ple poles p1, p2, . . . , p6, an involution τ0 : Cˆ → Cˆ, saddle connections
s1, s2, s3 and Euclidean cylinders C1, C2, C3 satisfying the following (see
Figure 21):
(1) τ ∗0 q = q,
(2) si is a saddle connection of (Cˆ, q) connecting p0 and pi for i =
1, 2, 3,
(3) τ0(si) connects p0 and pi+3 for i = 1, 2, 3,
(4) each two of s1, s2, s3, τ0(s1), τ0(s2) and τ0(s3) intersect only at
p0 and
(5) (X,ω) is obtained by cutting Cˆ along s1, s2, s3, τ0(s1), τ0(s2), τ0(s3)
and gluing Ci with the slits si and τ0(si) for all i = 1, 2, 3.
Corollary 4.4. Let (X,ω) ∈ Hhyp(4) \GL(2,R) · St5. Then, (X,ω) is
constructed from a center symmetric hexagon H and 3 parallelograms
P1, P2, P3 by gluing them as in Figure 3.20.
Theorem 4.2 gives us regular closed geodesics whose maximal cylin-
ders are simple. However, there are some other possibilities for con-
figurations of the maximal cylinders of disjoint geodesics in (X,ω) in
general. For example, maximal cylinders may have common saddle
connections. In section 5, we give all configurations of the maximal
cylinders of hyperelliptic translation surfaces of genus g = 2, 3.
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2. Preliminaries
Through this paper, we assume that Riemann surfaces are always
analytically finite. For an analytically finite Riemann surface X , we
denote by X the compact Riemann surface X with the punctures filled.
2.1. Holomorphic 1-forms and their moduli Hg.
Definition 2.1 (Holomorphic 1-forms). Let X be a Riemann surface.
A holomorphic 1-form ω on X is a tensor whose restriction to every
local coordinate neighborhood (U, z) has the form fdz, here f is a
holomorphic function on U .
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Let ω be a holomorphic 1-form on a Riemann surfaceX . Choose local
coordinate neighborhoods (U, z), (V, w) with U ∩V 6= ∅. If ω = fdz on
(U, z) and ω = gdw on (V, w), we have
f(z)
(
dz
dw
)
= g(w).
Thus, if p0 ∈ U ∩V is a zero of f of order n then it is also a zero of g of
order n. Now, zeros of ω and their orders are well-defined. Denote by
Sing(ω) the set of all zeros of ω. We also denote by ordω(p) the order
of a zero p of ω. A holomorphic 1-form on X whose restriction to all
local coordinate neighborhoods are constant function 0 is denoted by
0. By the Riemann-Hurwitz formula, we have the following.
Proposition 2.2. Let X be a compact Riemann surface of genus g ≥ 2
and ω 6= 0 a holomorphic 1-form on X. Then we have∑
p∈Sing(ω)
ordω(p) = 2g − 2.
Fix g ≥ 2. LetMg be the moduli space of compact Riemann surfaces
of genus g. For a compact Riemann surface X , we denote by Ω(X)
the vector space of all holomorphic 1-forms on X . We set Ω∗(X) =
Ω(X)− {0}. Then, the moduli space of pairs (X,ω) is defined by
Hg = {(X,ω) : X ∈Mg, ω ∈ Ω∗(X)} / ∼ .
Where, for pairs (X,ω) and (Y, ω′), the relation (X,ω) ∼ (Y, ω′) holds
if there exists a conformal map f : X → Y such that f ∗ω′ = ω. The
moduli space Hg is a complex algebraic orbifold of dimension 4g − 3.
This is fibered over the moduli space Mg with the fiber over each
[X ] ∈Mg equals Ω∗(X)/Aut(X).
The orbifold Hg is stratified by the orders of zeros of 1-forms. Let
k1, . . . , km be positive integers whose sum is 2g − 2 and which satisfy
k1 ≤ k2 ≤ · · · ≤ km. The subspace H(k1, . . . , km) of Hg consists of all
equivalence classes of pairs (X,ω) such that ω has exactly m zeros of
orders k1, . . . , km. Then we have
Hg =
⊔
0<k1≤k2≤···≤km
k1+...km=2g−2
H(k1, . . . , km).
Each H(k1, . . . , km) is a stratum of Hg. It is known that the dimension
of H(k1, . . . , km) is 2g +m− 1 (see [Mas82], [Vee82] and [Vee90]).
Example. The orbifold H2 has two strata H(2) and H(1, 1). The orb-
ifoldH3 has five strataH(4),H(2, 2),H(1, 3),H(1, 1, 2) andH(1, 1, 1, 1).
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In the rest of this section, we study connected components of strata
of Hg. In this paper, our interests are hyperelliptic components.
Definition 2.3. Let g ≥ 2. Let Hhyp(2g−2) be the subset ofH(2g−2)
consisting of all (X,ω) such that X has the hyperelliptic involution
τ and ω satisfies τ ∗ω = −ω. Let Hhyp(g − 1, g − 1) be the subset of
H(g−1, g−1) consisting of all (X,ω) such that X has the hyperelliptic
involution τ and ω satisfies τ ∗ω = −ω.
Remark. For the case of genus 2, we have H(2) = Hhyp(2) and
H(1, 1) = Hhyp(1, 1).
The connected components of the strata are completely classified by
Kontsevich and Zorich. See [KZ03] for the definition ofHeven,Hodd and
Hnonhyp.
Theorem 2.4 ([KZ03], Theorem 2). In genus two case, two strata
H(2) and H(1, 1) are connected. In genus three case, H(4) has two
connected components Hhyp(4) and Hodd(4). The stratum H(2, 2) has
two components Hhyp(2, 2) and Hodd(2, 2). The other strata are con-
nected.
Theorem 2.5 ([KZ03], Theorem 1). Let g ≥ 4. We have the following.
• The stratum H(2g−2) has three componentsHhyp(2g−2),Heven(2g−
2) and Hodd(2g − 2).
• If g is odd, the stratum H(g − 1, g − 1) has three components
Hhyp(g − 1, g − 1),Heven(g − 1, g − 1) and Hodd(g − 1, g − 1).
• If g is even, the stratum H(g − 1, g − 1) has two components
Hhyp(g − 1, g − 1) and Hnonhyp(g − 1, g − 1).
• All other strata which is of the formH(2k1, . . . , 2kn) (k1, . . . , kn ∈
N) has two componentsHeven(2k1, . . . , 2kn) andHodd(2k1, . . . , 2kn).
• The others are connected.
For g ≥ 2, we call Hhyp(2g − 2) and Hhyp(g − 1, g − 1) hyperelliptic
components. If (X,ω) ∈ Hhyp(2g − 2), the unique zero of ω is fixed by
the hyperelliptic involution of X . If (X,ω) ∈ Hhyp(g − 1, g − 1), two
zeros of ω are permuted by the hyperelliptic involution of X .
2.2. Meromorphic quadratic differentials.
Definition 2.6 (Meromorphic quadratic differential). Let X be a Rie-
mann surface. A meromorphic quadratic differential q on X is a tensor
whose restriction to every local coordinate neighborhood (U, z) has the
form fdz2, here f is a meromorphic function on U . For a meromorphic
quadratic differential q on X , we denote by |q| the differential 2-form
on X whose restriction to every local coordinate neighborhood (U, z)
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is |f |dxdy if the restriction of q to (U, z) is fdz2. The L1-norm ||q|| of a
meromorphic quadratic differential q on X is defined by ||q|| = ∫∫
X
|q|.
We assume that meromorphic quadratic differentials always have fi-
nite L1-norms. By this assumption, meromorphic quadratic differential
q may have poles of order at most 1 on the punctures of X . Thus, the
poles of q are simple poles if they exist. Denote by Sing(q) the set of
all zeros and poles of q.
Let X be a compact Riemann surface of genus g. Let q be a mero-
morphic quadratic differential on a Riemann surface X . Denote by
ordq(p) the order of a zero p of q. If p is a simple pole of q, we set
ordq(p) = −1. For other point p′ of X , we set ordq(p′) = 0. By
Riemann-Hurwitz formula, we have∑
p∈X
ordq(p) = 4g − 4.
2.3. Translation surfaces and Flat surfaces.
Definition 2.7 (Translation surface and flat surface). A translation
surface (X,ω) is a pair of a Riemann surface X and non-zero holomor-
phic 1-form ω on X . The points of Sing(ω) are called singular points
of (X,ω). A flat surface (X, q) is a pair of a Riemann surface X and
non-zero meromorphic quadratic differential q on X . The points of
Sing(q) are called singular points of (X, q).
Let (X,ω) be a translation surface. The holomorphic 1-form ω gives
a Euclidean structure on X . If p0 ∈ X is not a zero of ω, we may
choose a neighborhood U of p0 such that the map
z(p) =
∫ p
p0
ω : U → C
is a chart of X . The collection of such charts u = {(U, z)} is an atlas
on X − Sing(ω). The transition functions of this atlas are always of
the forms w = z + (const.). Thus, u is a singular Euclidean structure
on (X,ω). If p0 is a zero of ω of order n (n = 1, 2, . . . ), there exists a
chart (U, ζ) of X around p0 such that ω is written as q = ζ
ndζ . Then,
we have a chart
z(p) =
∫ p
p0
ω =
∫ p
p0
ζndζ =
1
n+ 1
ζ(p)n+1
around p0. With respect to this chart, the angle around p0 is 2(n+1)pi.
Let (X, q) be a translation surface. An atlas u on X−Sing(q) is also
given by q. For each p0 ∈ X − Sing(q), we can choose a neighborhood
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U such that the integration
z(p) =
∫ p
p0
√
q : U → C
is well-defined and a chart. The collection of such charts u = {(U, z)}
is an atlas on X − Sing(q) whose transition functions are of the forms
w = ±z + (const.). If p0 is a zero of q or a pole of q with ordq(p) = n
(n = −1, 1, 2, . . . ), there exists a chart (U, ζ) of X around p0 such that
q is written as q = ±ζndζ2. Thus, we have a chart
z(p) =
∫ p
p0
√
q =
∫ p
p0
ζ
n
2 dζ =
2
n+ 2
ζ(p)
n+2
2
This implies that the angle around p0 with respect to this chart is
(n+ 2)pi.
Remark. By the definition of Hg, it is also regarded as the moduli
space of translation surfaces of genus g.
2.4. Regular closed geodesics and curve complexes. We define
some terminologies for translation surfaces which are also defined for
flat surfaces as well.
Definition 2.8 (Saddle connection). A saddle connection is a geodesic
segment on a translation surface (X,ω) joining two singular points or a
singular point to itself and containing no singular points in its interior.
For any hyperbolic surface, every homotopy class of simple closed
curves contains a unique geodesic. This is not true for translation
surfaces and flat surfaces.
Proposition 2.9 ([Str84], Theorem 14.3). Let (X,ω) be a translation
surface. Let γ be a simple closed curve on (X,ω). Then, one of the
following holds.
• The homotopy class of γ contains a unique closed geodesic of
(X,ω). Moreover, the geodesic is a concatenation of saddle
connections. The angles between consecutive saddle connections
are at least pi on both sides.
• The homotopy class of γ contains infinitely many simple closed
geodesics containing no singular points. They are parallel to
each other and the union of all such geodesics forms an open
Euclidean cylinder Cγ. Each of the components of the boundary
of Cγ is a concatenation of saddle connections which are parallel
to γ.
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Definition 2.10 (Regular closed geodesic). A simple closed geodesic
γ on a translation surface which contains no singular points is called
regular.
Let (X,ω) be a translation surface. We denote by N(X,ω) the
maximal number of disjoint regular closed geodesics which are not ho-
motopic to each other. For a hyperbolic surface of genus g with n
punctures, the maximal number of disjoint closed geodesics is always
3g−3+n. Hence the maximal numbers depend only on the topological
types of surfaces. However, for translation surfaces, it is not true.
Theorem 2.11 ([Ngu17], Theorem 2.8). Let (X,ω) be a translation
surface of genus 2. If (X,ω) ∈ H(2), then N(X,ω) = 2 holds. If
(X,ω) ∈ H(1, 1), then N(X,ω) = 3 holds.
Theorem 2.11 is also described in terms of curve complex in [Ngu17].
The curve complex C(S) for a surface S of finite type is a simplicial
complex such that the vertices are the free homotopy classes of essential
simple closed curves on S and k+1 vertices span a simplex if and only
if they have pairwise disjoint representatives for each k ≥ 0. The curve
complexes for translation surfaces are analogies of this.
Definition 2.12 (Curve complex for translation surface (X,ω)). Let
(X,ω) be a translation surface. The curve complex Ccyl = Ccyl(X,ω)
for (X,ω) is a simplicial complex such that the vertices are regular
closed geodesics on (X,ω) and k+1 vertices span a simplex if and only
if they are pairwise disjoint for each k ≥ 0.
Theorem 2.13 ([Ngu17], Theorem A). Let (X,ω) be a translation
surface of genus 2. If (X,ω) ∈ H(2), then Ccyl(X,ω) contains no
2-simplexes. If (X,ω) ∈ H(1, 1), then Ccyl(X,ω) contains some 2-
simplexes.
One of our main results is a generalization of these theorems to higher
genus case.
Theorem 2.14. Let g ≥ 2. If (X,ω) ∈ Hhyp(2g−2), then N(X,ω) = g
holds. If (X,ω) ∈ Hhyp(g − 1, g − 1), then N(X,ω) = g + 1 holds.
Corollary 2.15. Let g ≥ 2. If (X,ω) ∈ Hhyp(2g− 2), then Ccyl(X,ω)
contains no (g − 1)-simplexes but contains no g-simplexes. If (X,ω) ∈
Hhyp(g− 1, g− 1), then Ccyl(X,ω) contains some g-simplexes but con-
tains no (g + 1)-simplexes.
2.5. GL(2,R)-orbits of translation surfaces and Veech groups.
Let g ≥ 2. There exists an action of GL(2,R) on Hg which leaves
each stratum invariant. Let A ∈ GL(2,R) and (X,ω) ∈ Hg. Then, ω
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induces an Euclidean structure u = {(U, z)} on X . We regard A as a
linear map and compose it to each chart of u. Then, we have an atlas
A◦u = {(U,A ◦ z)}. This atlas is a Euclidean structure on the surface
X . We consider it as a new conformal structure on X . Then, we have
a holomorphic 1-form A ◦ ω on X whose restriction to each chart of
(U,w) ∈ A◦u is dw. The 1-forms ω and A◦ω are in the same stratum.
The GL(2,R)-orbit of a translation surface (X,ω) is defined by
GL(2,R) · (X,ω) = {(X,A ◦ ω) : A ∈ GL(2,R)} .
Definition 2.16 (Veech group). The Veech group Γ(X,ω) of (X,ω) is
the subgroup of all A ∈ SL(2,R) which leave (X,ω) invariant. That is,
Γ(X,ω) is written as
Γ(X,ω) = {A ∈ SL(2,R) : (X,A ◦ ω) = (X,ω)} .
Theorem 2.17 ([Vee89], Proposition 2.7 ). The Veech group Γ(X,ω)
of a translation surface (X,ω) is a discrete subgroup of SL(2,R).
Veech groups are important to understand translation surfaces.
Definition 2.18 (periodic direction). Let (X,ω) be a translation sur-
face. A direction θ ∈ [0, pi) is called periodic if every z ∈ X is contained
in a regular closed geodesic of direction θ or a saddle connection of di-
rection θ.
Theorem 2.19 (Veech’s dichotomy Theorem, [Vee89], Proposition 2.4,
2.10 and 2.11 ). Let (X,ω) be a translation surface whose Veech group
Γ(X,ω) is a lattice in SL(2,R) (i.e. a subgroup of finite covolume).
For each direction θ ∈ [0, pi), one of the following holds:
(1) θ is periodic,
(2) every geodesic with direction θ is dense in X.
Moreover, in case (1), there exists a parabolic element A ∈ Γ(X,ω)
which has a unique eigen vector of direction θ.
Denote by Peri(X,ω) the set of all periodic directions of (X,ω). By
Theorem 2.19, we have the following.
Proposition 2.20. Let f : [0, pi)→ Rˆ be a function such that
f(θ) =
{
cot θ (θ ∈ (0, pi))
∞ (θ = 0).
Then, for a translation surface (X,ω), the set f (Peri(X,ω)) coincides
with the set of all fixed points of parabolic elements of Γ(X,ω). More-
over, there exists a bijection from Peri(X,ω)/Γ(X,ω) to f(Peri(X,ω))/Γ(X,ω).
Here Γ(X,ω) acts on Peri(X,ω) as liner maps and on f(Peri(X,ω))
as Mo¨bius transformations.
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Proof. Let θ, θ′ ∈ Peri(X,ω). Assume that there exists A =
[
a b
c d
]
∈
Γ(X,ω) satisfying Aθ = θ′. Then we have
A
[
cos θ
sin θ
]
=
[
cos θ′
sin θ′
]
.
This implies the equation
af(θ) + b
cf(θ) + d
= f(θ′) = f(A · θ)
holds. Therefore, the function f induces a surjection from Peri(X,ω)/Γ(X,ω)
to f(Peri(X,ω))/Γ(X,ω). By following this argument in reverse, we
can also conclude that this map is injective.
Next, we show that the set f (Peri(X,ω)) coincides with the set of
all fixed points of parabolic elements of Γ(X,ω). By Theorem 2.19,
there exists a parabolic element A =
[
a b
c d
]
∈ Γ(X,ω) which has a
unique eigen vector of direction θ. By the same way as above
af(θ) + b
cf(θ) + d
= f(θ)
holds. Therefore, f(θ) is a fixed point of a parabolic element A ∈
Γ(X,ω). The converse is also proved by following this argument in
reverse. 
Let (X,ω) be a translation surface whose Veech group Γ(X,ω) is a
lattice in SL(2,R). Assume that θ ∈ [0, pi) is periodic. By Theorem
2.19, the union of all regular closed geodesics of direction θ consists
of some open Euclidean cylinders C1, . . . , Cn. Each boundary of the
cylinders consists of saddle connections of direction θ. The family of
the cylinders {C1, . . . , Cn} is called the cylinder decomposition for θ.
Proposition 2.21. Let (X,ω) be a translation surface and u the atlas
of (X,ω). Let {C1, . . . , Cm} and {C ′1, . . . , C ′n} be cylinder decomposi-
tions for periodic directions θ and θ′ of (X,ω), respectively. Suppose
that there exists A ∈ Γ(X,ω) which maps the direction θ to θ′. Then,
we have m = n and there exists a homeomorphism h : (X,ω)→ (X,ω)
satisfying the following:
(1) {h(C1), . . . , h(Cm)} = {C ′1, . . . , C ′n} holds and
(2) for any (U, z) and (V, w) ∈ u with h(U) ⊂ V , the composition
w ◦ h ◦ z−1 is an affine map whose derivative is A.
Proof. Let Hi be the height of the cylinder Ci and C˜i the
(
1
2
Hi
)
-
neighborhood of the line (sin θ) x − (cos θ) y = 0 in C for each i =
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1, 2, . . . , m. Then C˜i is the universal covering of Ci. The linear map
h˜i : C˜i → h˜i(C˜i); z 7→ Az is projected to a homeomorphism hi : Ci →
hi(Ci). Gluing the cylinders h1(C1), . . . , hm(Cm) by the same way as
the construction of (X,ω) from C1, . . . , Cm, we obtain a flat surface
(X,A ◦ ω). Since A ∈ Γ(X,ω), we have (X,A ◦ ω) = (X,ω). Thus,
{h1(C1), h2(C2), . . . , hm(Cm)} coincides with the cylinder decomposi-
tion {C ′1, . . . , C ′n}. Thus, we have m = n. Now, we can define a
homeomorphism h : (X,ω) → (X,ω) such that h|Ci = hi holds for all
i = 1, 2, . . . , n and satisfies the condition (2). 
We finish this section after giving an example of Veech groups.
Definition 2.22 ([Sch06]). The translation surface St5 ∈ Hhyp(4) is
constructed from 5 squares as in Figure 1 and the 1-form dz on it with
the same labels glued.
1 1
2 2
3 3
a
a
b
b
c
c
Figure 1. The translation surface St5
Remark. The action of the hyperelliptic involution τ on St5 is seen
by cutting St5 into five squares and rotating them by pi rotation about
the centers. We can glue the resulting squares by the same way as St5.
Then we again have St5. The centers of the squares correspond to the
fixed points of τ . The other fixed points are the unique singular point
and the points corresponding to the mid points of sides labeled by a
and 3 as in Figure 1.
Example. The Veech group Γ(St5) is calculated by Schmithu¨sen ([Sch06,
Proposition 13]). The Veech group Γ(St5) is described as
Γ(St5) =
{[
a b
c d
]
∈ SL(2,R) : a+ c and b+ d are odd
}
.
Set T =
[
1 1
0 1
]
and R =
[
0 −1
1 0
]
. By using the Reidemeister-
Schreier method (see [Sch04]), we can see that
Γ(St5) =
〈
R, T, (TR)T (TR)−1
〉
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and the coset representatives of Γ(St5) in SL(2,R) is {I, T, TR}. The
quotient H/Γ(St5) is an orbifold of genus 0 and has two cusps and only
one cone point of order 2. We observe the action of homeomorphisms
corresponding to generators R, T and (TR)T (TR)−1 as in Proposition
2.21. Let P be the union of 5 squares. The action of R is seen by
rotating P by pi
2
-rotation and cutting it in five squares and pasting them
so that the form is same as P (see Figure 2). To see the action of T 2, we
cut St5 along horizontal sides of squares. Then St5 is decomposed into
3 cylinders. On the cylinder of area 1, the matrix T 2 acts as the square
of the right hand Dehn twist along the core curve. The action of R onto
the other cylinders are the right hand Dehn twists along the core curves
(see Figure 3). The actions induce an action of T 2 on St5 since each
boundary component of the cylinders is pointwise fixed by the actions.
The action of (TR)T (TR)−1 is difficult to see. Let S ∈ SL(2,R) be a
pi
4
-rotation. By computation, we have (TR)T (TR)−1 = ST 2S−1. This
implies that (TR)T (TR)−1 preserves the direction pi
4
. Let us cut P
along the diagonals of direction pi
4
and glue them as in Figure 4. Let P ′
be the resulting parallelogram. Regard the bottom vertex of P ′ as the
origin. We act the linear map (TR)T (TR)−1 = ST 2S−1 to P ′. Then,
the permutation of the labels of the upper side given by (TR)T (TR)−1
is a cyclic permutation σ =
(
a c e d b
)
. The labels of the lower
side of P ′ in invariant under (TR)T (TR)−1. Next, by identifying the
sides with label f , the translation z 7→ z + 2(1 + i) on P ′ corresponds
to the permutation τ =
(
a e b c d
)
for the labels of the upper side
and the permutation µ =
(
a d c b e
)
for the labels of the lower
side. Therefore, the composition of the two actions corresponds to the
permutation τσ =
(
a d c b e
)
for the labels of the upper side and
the permutation µ =
(
a d c b e
)
for the labels of the lower side.
As τσ = µ holds, the composition of the two actions is well-defined on
the translation surface St5.
1 2
3 4
5
R
1
23
45
=
5 4
3 2
1
Figure 2. The action of R onto St5
Observing the actions of elements of Γ(St5), we have the following
which is used for Lemma 4.5.
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T
Figure 3. The action of T onto St5
1
1′
2
2′
3
3′
4
4′
5
5′
1
1′
2
2′
3
3′
4
4′
5
5′
cut and paste
a
b
c
d
e
a
c
b
e
d
f
f
Figure 4. Another description of St5 with labels
a, b, c, d, e and f
Proposition 2.23. Let τ be the hyperelliptic involution of St5. Let p1
and p2 be fixed points of St5 which are the images of the mid points of
sides with labels a and 3, respectively. For any A ∈ Γ(St5), the action
of A onto St5 preserves the set {p1, p2}.
Proof. We can see by observing the above example that the generators
R, T 2, (TR)T (TR)−1 of Γ(St5) preserve the set {p1, p2}. Moreover, p1
and p2 are fixed points of τ . Thus, we have the claim. 
3. Proof of Theorem 2.14
In this section, we prove Theorem 2.14 and Theorem 3.20. Let g ≥ 2.
Let (X,ω) be a translation surface in Hhyp(2g− 2)∪Hhyp(g− 1, g− 1)
with the hyperelliptic involution τ .
3.1. Upper estimates of N(X,ω).
Proposition 3.1. If (X,ω) ∈ Hhyp(2g−2), then we have N(X,ω) ≤ g.
If (X,ω) ∈ Hhyp(g − 1, g − 1), then we have N(X,ω) ≤ g + 1.
Proof. Assume that (X,ω) ∈ Hhyp(2g − 2). If N(X,ω) ≥ g + 1 holds,
then there exist disjoint regular closed geodesics γ1, . . . , γg+1 in (X,ω)
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which are not homotopic to each other. Since (X,ω) is a surface of
genus g, X − (γ1 ∪ · · · ∪ γg+1) has at least two connected components.
Since (X,ω) has only one singular point, one of the connected compo-
nents X ′ is a translation surface which has no singular points. Taking a
double of X ′, we obtain a compact translation surface without singular
points. Then, it must be a torus. This implies that X ′ is a Euclidean
cylinder. Now, the boundary components of X ′ are regular closed
geodesics which are homotopic to each other. This is a contradiction.
Hence, we have N(X,ω) ≤ g.
Next, we assume that (X,ω) ∈ Hhyp(g−1, g−1). If N(X,ω) ≥ g+2,
then there exist disjoint regular closed geodesics γ1, . . . , γg+2 in (X,ω)
which are not homotopic to each other. Since (X,ω) is a surface of
genus g, X − (γ1 ∪ · · · ∪ γg+1) has three connected components. Since
(X,ω) has only two singular points, one of the connected component
X ′ is a translation surface which has no singular points. By the same
argument as above, this is a contradiction. Hence, we have N(X,ω) ≤
g + 1. 
3.2. Idea of lower estimates of N(X,ω). Hereafter, we prove the
inequality
N(X,ω) ≥
{
g
(
(X,ω) ∈ Hhyp(2g − 2))
g + 1
(
(X,ω) ∈ Hhyp(g − 1, g − 1)) .(1)
To do this, we consider the quotient of (X,ω) ∈ Hhyp(2g−2)∪Hhyp(g−
1, g − 1) by its hyperelliptic involution τ . By definition, we have
τ ∗ω = −ω. Thus, the holomorphic quadratic differential ω2 induces
a meromorphic quadratic differential q on Y = X/ 〈τ〉 via the natural
projection ϕ : X → Y . Then we have the following.
Proposition 3.2. The Riemann surface Y = X/ 〈τ〉 is a compact
surface of genus 0. If (X,ω) ∈ Hhyp(2g − 2), the quadratic differential
q has a unique zero of order 2g−3 and 2g+1 simple poles. If (X,ω) ∈
Hhyp(g−1, g−1), the quadratic differential q has a unique zero of order
2g − 2 and 2g + 2 simple poles.
Proof. Since τ is the hyperelliptic involution, τ has 2g+ 2 fixed points
and Y = X/ 〈τ〉 is a compact surface of genus 0. Suppose that (X,ω) ∈
Hhyp(2g − 2). Then the unique zero of ω is a fixed point of τ . As the
angle around p0 on (X,ω) is (4g−2)pi, the angle around ϕ(p0) on (Y, q)
is (2g − 1)pi. Therefore, ϕ(p0) is a zero of q of order 2g − 3. The angle
of every other fixed point p of τ is 2pi. Thus, the angle around ϕ(p)
on (Y, q) is pi. This means that the point is a simple pole of q. Every
point of X \Fix(τ) is mapped to a point on Y which is not a zero and a
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pole of q. Next, we assume that (X,ω) ∈ Hhyp(g − 1, g − 1). Then, all
fixed points of τ are mapped to simple poles of q. Two zeros of ω are
mapped to a point on (Y, q) which is zero of q of order 2g − 2. Every
point of X \ Fix(τ) is not mapped to a zero and a pole of q. 
The inequality (1) is proved by giving disjoint regular simple closed
geodesics γ1, . . . , γg (resp. γ1, . . . γg+1) in (X,ω) ∈ Hhyp(2g − 2) (resp.
(X,ω) ∈ Hhyp(g − 1, g − 1)) each of which is invariant under the hy-
perelliptic involution τ of (X,ω). Let γ be a regular closed geodesic in
(X,ω) which are invariant under τ . Since every orientation reversing
isometry of S1 has two fixed points, the image ϕ(γ) is a saddle connec-
tion on (Y, q) which connects distinct simple poles of q. Conversely, if s
is such a saddle connection on (Y, q), the preimage ϕ−1(s) is a regular
closed geodesic on (X,ω) which is invariant under τ . Therefore, we
give such saddle connections on (Y, q) which are disjoint to each other.
In our case, (Y, q) is always a flat surface of genus 0 such that q has a
unique zero and some simple poles of q.
3.3. Geometry of flat surfaces of genus 0. In this subsection, we
give some properties of flat surfaces of genus 0. Let (Y, q) be a flat
surface of genus 0. Note that (Y, q) must has some simple poles. Let
s′ : [0, 1]→ (Y, q) be a segment connecting a singular point to a simple
pole of q. Then
s(t) =
{
s′(2t) (0 ≤ t ≤ 1
2
)
s′(2− 2t) (1
2
≤ t ≤ 1)
is a closed curve on (Y, q) such that its image is a segment.
Definition 3.3 (Returning geodesic). We call a closed curve s as above
a returning geodesic. That is, a returning geodesic s : [0, 1]→ (Y, q) is
a closed curve from a singular point of (Y, q) to itself such that s
(
1
2
)
is a simple pole of q, s|[0, 12 ] is a saddle connection and s(t) = s(1 − t)
holds for all t ∈ [0, 1].
The next lemma is important for our proof.
Lemma 3.4. Let (Y, q) be a flat surface of genus 0. Let s : [0, 1] →
(Y, q) be a curve satisfying the following :
• the absolute value of the derivative |s′| is constant,
• s(0) is a singular point and s (1
2
)
is a simple pole,
• s|[0, 12 ] is a local isometry such that s
((
0, 1
2
))
contains no singu-
lar points,
• s|[ 12 ,1] is a local isometry and
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• there exists ε > 0 such that s (1− t) = s (t) holds for all t ∈(
1
2
− ε, 1
2
+ ε
)
.
Then s(t) = s(1 − t) holds for all t ∈ [0, 1]. Especially, s ((1
2
, 1
))
contains no singular points and s(1) coincides with the singular point
s(0).
Proof. Since s
(
1
2
)
is a simple pole, s is a returning geodesic. Thus, we
obtain the claim. 
Proposition 3.5. Let (Y, q) be a flat surface of genus 0. Let s : [0, 1]→
(Y, q) be a returning geodesic. Given a segment s0 in C such that s0
is parallel to s and |s0| equals to the length of s. Choose a non-zero
vector v which is not parallel to s0. Then there exists an orientation
preserving local isometric embedding ρ0 : D → (Y, q) satisfying the
following:
(1) D is an open parallelogram such that one of the sides is s0 and
another side is parallel to v,
(2) ρ0(D) contains no singular points,
(3) ρ0 can be extended to an immersion ρ0 : D → (Y, q),
(4) s0 is mapped to s via ρ0,
(5) the other side which is parallel to s0 is mapped to an open seg-
ment containing a singular point.
Proof. For sufficiently small ε > 0, there exists an immersion ρε : Dε →
(Y, q) satisfying the same conditions as (1), (2), (3), (4) and the distance
between s0 and its opposite side is ε. We show that there exists the
maximal of ε > 0 such that the above ρε exists. If not, there exists
a local isometrically immersion from an open band with infinite area
into (Y, q). Since the area of (Y, q) is finite, the image of this embed-
ding must be a cylinder. Since the angle around s
(
1
2
)
is pi, this is a
contradiction. Let ε0 > 0 be the maximal of ε > 0 such that the above
ρε exists. Then ρ0 = ρε0 also satisfies the condition (5). 
Definition 3.6 ((s0,v)-restricted triangle and left (right) strongly
(s0,v)-restricted triangle). Let ∆ be a Euclidean triangle in C with
a side s0. Let v be a unit vector that is not parallel to s0. Assume that
P is the vertex of ∆ which is opposite to s0.
(1) The triangle ∆ is said to be (s0,v)-restricted triangle if the
Euclidean line l passing through P and of direction v intersects
with s0.
(2) A left (resp. right) side of a (s0,v)-restricted triangle ∆ is the
side of ∆ which is at the left (resp. right) when we put ∆ so
that s0 is horizontal and P is above s0.
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(3) A left (resp. right) strongly (s0,v)-restricted triangle ∆ is a
(s0,v)-restricted triangle whose left (resp. right) side is not
parallel to v.
We prove the following theorem.
Theorem 3.7. Let (Y, q) be a flat surface of genus 0 such that q has a
unique zero p0. Let s be a returning geodesic on (Y, q) which starts from
the point p0. Let v be a unit vector which is not parallel to s. Then there
exists a (closed) triangle ∆ in C with sides s0, s1, s2 and an orientation
preserving immersion ρ : ∆→ (Y, q) satisfying the following:
(1) s0 is parallel to s and ∆ is a left (resp. right) strongly (s0, v)-
restricted triangle,
(2) ρ|Int(∆) is a local isometric embedding,
(3) ρ(Int(∆)) contains no singular points,
(4) every vertex of ∆ is mapped to p0,
(5) s = ρ ◦ s0 holds and
(6) ρ ◦ si is a saddle connection or a returning geodesic for each
i = 1, 2,
Theorem 3.7 is proved by the following five Lemmas. Let (Y, q) be
a flat surface of genus 0 such that q has a unique zero p0. Let s be a
returning geodesic on (Y, q) which starts from the point p0. Given s0,
D and ρ0 : D → (Y, q) as in Proposition 3.5. Then we have ρ0 ◦ s0 = s.
We label all other sides of D by a, b, c so that the clockwise order of
the sides is s0, b, a, c. We label the vertices of D by P1, P2, P3, P4 as in
Figure 5. We also give the label O to the midpoint of s0.
O s0
a
b c
v
P1 P2
P3P4
Figure 5. The parallelogram D
We define the following terminologies.
• For a point P ∈ C, we denote by rP the point reflection in P .
• A point P ∈ a is a left point of a if P4P < 12 |a|.
• A point P ∈ a is a right point of a if P4P > 12 |a|.
• A point P ∈ b is a lower point of b if P1P < 12 |b|.
• A point P ∈ b is an upper point of b if P1P > 12 |b|.
• A point P ∈ c is a lower point of c if P2P < 12 |c|.
• A point P ∈ c is an upper point of c if P2P > 12 |c|.
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Lemma 3.8. If the interior of the side a contains a point P which is
mapped via ρ0 to p0, there exist a triangle ∆ in C with sides s0, s1, s2
and an orientation preserving immersion ρ : ∆ → (Y, q) satisfying all
conditions as in Theorem 3.7.
Proof. Setting ∆ = △P1P2P and ρ = ρ0|∆, we obtain the claim. 
Lemma 3.9. Assume that the interior of the side a does not contain
a point which is mapped via ρ0 to p0 and ρ0(c− {P2}) contains a sin-
gular point. Then, there exist a triangle ∆ in C with sides s0, s1, s2
and an orientation preserving immersion ρ : ∆ → (Y, q) satisfying all
conditions as in Theorem 3.7.
Proof. Let P be the point in c − {P2} such that P is closest to P2 in
the points of c − {P2} which are mapped to singular points of (Y, q).
If ρ0(P ) = p0 holds, then ∆ = △P1P2P and ρ = ρ0|∆ satisfies all
conditions as in Theorem 3.7. Hereafter, we assume that ρ0(P ) is a
pole of q.
Case (i) Suppose that P is a lower point or the midpoint of c. By
Lemma 3.4, Q = rP (P2) ∈ c is a point whose image via ρ0 is p0 (see
Figure 6). Moreover, there exist no points whose images are singular
points between P and Q. Setting ∆ = △P1P2Q and ρ = ρ0|∆, ∆ and
ρ satisfy the conditions as in Theorem 3.7.
O s0
a
b c
P1 P2
P3P4
P
Q
Figure 6. Case (i)
Case (ii) Suppose that P is an upper point of c. By assumption,
there exists a point R ∈ Int(a) whose image is a simple pole of q.
Then, R is not a right point of a. If R is a right point of a, by Lemma
3.4, rR ◦ rP (P2) must be mapped to p0. This is a contradiction. If R is
the midpoint of a, we set ∆ = △P1P2rP (P2) and
ρ(z) =
{
ρ0(z) (z ∈ ∆ ∩D)
ρ0 ◦ rR(z) (z ∈ ∆−D)
(see Figure 7). Then, ∆ and ρ satisfy the conditions as in Theorem
3.7.
Finally, suppose that R is a left point of a. Let E = △P1P2rP (P2)−
D and c′ the side of E which is parallel to c (see Figure 8). If ρ0
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O s0
a
b c
P1 P2
P
rP (P2)
R
Figure 7. Case (ii) with the assumption that R is the
midpoint of a
can be extended to a local isometry from Int(D ∪ E) to (Y, q), then
∆ = △P1P2rP (P2) and ρ = ρ0|∆ satisfy the conditions as in Theorem
3.7. We now assume that ρ0 cannot be extended to Int(D ∪ E) as
an isometry. Let θ0 = ∠P3P1P2 and θ1 = ∠P3P1rP (P2). For each θ
(θ0 < θ < θ1), let lθ be the segment starting from P1 to a point of c
′
such that the angel between P1P2 and lθ is θ. By assumption, there
exists the maximal Θ such that ρ0 can be extended to a local isometry
from Int
(
D ∪⋃θ0<θ<Θ lθ) to (Y, q). Then, lΘ contains points which
are mapped to singular points. Let S be the point which is closest
to s0 in the points. We show that S is mapped to the zero p0 of q.
Suppose that S is mapped to a pole of q. Let T1 be the intersection of
segments P1rs(P1) and P2rP (P2). Let T2 be the point in P1rS(P1) such
that rP (T2) is the intersection of P1P2 and rP (T1rS(P1)). We define a
curve s : P1rS(P1)→ (Y, q) by
s(z) =

ρ0(z) (z ∈ P1T1)
ρ0 ◦ rP (z) (z ∈ T1T2)
ρ0 ◦ rO ◦ rP (z) (z ∈ T2rS(P1)) .
By Lemma 3.4, we have ρ0 ◦ rO ◦ rP ◦ rS(P1) = p0. However, we have
rO ◦ rP ◦ rS(P1) ∈ D. This is a contradiction. Therefore, S is mapped
to p0. Setting ∆ = △P1P2S and ρ = ρ0|∆, then ∆ and ρ satisfy the
conditions as in Theorem 3.7.
O s0
a
b c
P1 P2
P3P4
P
rP (P2)
R c
′
Figure 8. Case (ii) with the assumption that R is the
left point of a
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
Lemma 3.10. Assume that the interior of the side a does not contain
a point which is mapped to p0, the midpoint R of a is mapped to a pole
of q and ρ0(c − {P2}) contains no singular points . Then, there exist
a triangle ∆ in C with sides s0, s1, s2 and an orientation preserving
immersion ρ : ∆→ (Y, q) satisfying all conditions as in Theorem 3.7.
Proof. Let P be the point in b such that P is farthest from P1 in the
points of b which are mapped to singular points of (Y, q). Note that P
may possibly coincides with P1. We first prove that P is mapped to
p0. Suppose that P is mapped to a pole of q. If P is a lower point or
the midpoint of b, by Lemma 3.4, rP (P1) ∈ b is mapped to a singular
point. This contradicts the definition of P . If P is an upper point of
b, by the same argument as in the last part of the proof of Lemma 3.9,
rRrP (P1) is mapped to p0. However, rRrP (P1) is in c−{P2}. This is a
contradiction. Thus, P is mapped to p0. Set ∆ = △P1P2rR(P ) and
ρ(z) =
{
ρ0(z) (z ∈ ∆ ∩D)
ρ0 ◦ rR(z) (z ∈ ∆−D)
(see Figure 9). Then, ∆ and ρ satisfy the conditions.
O s0
a
b c
P1 P2
P
rR(P )R
Figure 9. The case of Lemma 3.10

Lemma 3.11. Assume that the interior of the side a does not contain
a point which is mapped to p0, the left point R of a is mapped to a pole
of q and ρ0(c − {P2}) contains no singular points . Then, there exist
a triangle ∆ in C with sides s0, s1, s2 and an orientation preserving
immersion ρ : ∆→ (Y, q) satisfying all conditions as in Theorem 3.7.
Proof. Let P be the point in b such that P is farthest from P1 in the
points of b which are mapped to singular points of (Y, q). Then, P is
mapped to p0 by the same argument as in the proof of Lemma 3.10.
We do the same argument as the last argument of the proof of Lemma
3.9. Let E = △P1P2rR(P ) − D and b′ = rR(PP4) (see Figure 10). If
ρ0 can be extended to a local isometry from Int(D ∪E) to (Y, q), then
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∆ = △P1P2rR(P1) and ρ = ρ0|∆ satisfy the conditions as in Theorem
3.7. We now assume that ρ0 cannot be extended to Int(D ∪ E) as a
local isometry. Let θ0 = ∠P1P2rR(P4) and θ1 = ∠P1P2rR(P ). For each
θ (θ0 < θ < θ1), let lθ be the segment starting from P2 to a point of
b′ such that the angel between P1P2 and lθ is θ. By assumption, there
exists the maximal Θ such that ρ0 can be extended to a local isometry
from Int
(
D ∪⋃θ0<θ<Θ lθ) to (Y, q). Then, lΘ contains points which are
mapped to singular points except for P2. Let S be the point which is
closest to s0 in the points. If S is mapped to a pole of q, rO ◦rP ◦rS(P2)
is mapped to p0. However, we have rO ◦ rP ◦ rS(P2) ∈ D. This is a
contradiction. Therefore, S is mapped to p0. Setting ∆ = △P1P2S
and ρ = ρ0|∆, ∆ and ρ satisfy the conditions as in Theorem 3.7.
O s0
a
b c
P1 P2
P3P4
P
rR(P )
R
b′
Figure 10. The case of Lemma 3.11

Lemma 3.12. Assume that the interior of the side a does not contain
a point which is mapped to p0, a right point R of a is mapped to a pole
of q and ρ0(c − {P2}) contains no singular points. Then, there exist
a triangle ∆ in C with sides s0, s1, s2 and an orientation preserving
immersion ρ : ∆→ (Y, q) satisfying all conditions as in Theorem 3.7.
Proof. The proof is same as the last argument of the proof of Lemma
3.9. Let E = △P1P2rR(P2) − D and c′ = rR(c) (see Figure 11). If
ρ0 can be extended to a local isometry from Int(D ∪ E) to (Y, q),
∆ = △P1P2rR(P2) and ρ = ρ0|∆ satisfy the conditions as in Theorem
3.7. We now assume that ρ0 cannot be extended to Int(D ∪ E) as a
local isometry. Let θ0 = ∠P2P1rR(P3) and θ1 = ∠P2P1rR(P2). For each
θ (θ0 < θ < θ1), let lθ be the segment starting from P2 to a point of
c′ such that the angel between P1P2 and lθ is θ. By assumption, there
exists the maximal Θ such that ρ0 can be extended to a local isometry
from Int
(
D ∪⋃θ0<θ<Θ lθ) to (Y, q). Then, lΘ contains points which are
mapped to singular points. Let S be the point which is closest to s0 in
the points. If S is mapped to a pole of q, then rO◦rR◦rS(P1) is mapped
to p0. However, we have rO ◦ rR ◦ rS(P1) ∈ D. This is a contradiction.
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Therefore, S is mapped to p0. Setting ∆ = △P1P2S and ρ = ρ0|∆, ∆
and ρ satisfy the conditions as in Theorem 3.7.
O s0
b c
P1 P2
P3P4
rR(P2)
rR(P3)
R
c′
Figure 11. The case of Lemma 3.12

By Theorem 3.7, we obtain the followings.
Theorem 3.13. Let (Y, q) be a flat surface of genus 0 such that q has
a unique zero p0. Suppose that s is a returning geodesic on (Y, q) which
starts from the point p0. Then there exists a triangle ∆ in C with
sides s0, s1, s2 in counterclockwise order and an orientation preserving
immersion ρ : ∆→ (Y, q) satisfying the following:
(1) ρ|Int(∆) is a local isometric embedding,
(2) ρ|Int(∆) contains no singular points,
(3) every vertex of ∆ is mapped to p0,
(4) s = ρ ◦ s0 holds and
(5) ρ ◦ s1 is a returning geodesic.
Remark. In the condition (5) of Theorem 3.13, we may replace ρ ◦ s1
to ρ ◦ s2.
Proof. Let v0 be a unit vector which is not parallel to s. By Theorem
3.7, there exists a triangle ∆0 in C with sides s0, s1, s2 in counterclock-
wise order and an orientation preserving immersion ρ0 : ∆0 → (Y, q)
satisfying the following:
(0-1) ∆0 is a (s0,v0)-restricted triangle,
(0-2) ρ0|Int(∆0) is a local isometric embedding,
(0-3) ρ0(Int(∆0)) contains no singular points,
(0-4) every vertex of ∆0 is mapped to p0,
(0-5) s = ρ0 ◦ s0 holds and
(0-6) ρ0 ◦ si is a saddle connection or a returning geodesic for each
i = 1, 2.
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If s1 is mapped via ρ0 to a returning geodesic, we are done. Now we
assume that s1 is mapped via ρ0 to a saddle connection. Since (Y, q)
is a surface of genus 0, every simple closed curve on (Y, q) divides
(Y, q). Thus, Y −ρ0(∆0) has two connected components. Let Y1 be the
connected component of Y −ρ0(∆0) whose boundary is ρ0◦s1. Let q1 be
the restriction of q onto Y1. After adjusting the parameter of s1 so that
(s1)
′ is constant, we identify ρ0 ◦s1(t) with ρ0 ◦s1(1− t) for all t ∈ [0, 1]
on the boundary of Y1. Then Y1 is a compact surface of genus 0 and q1
is a meromorphic quadratic differential such that ρ0 ◦ s2 is a returning
geodesic on the flat surface (Y1, q1). Let v be a unit vector which is
parallel to s. By Theorem 3.7, there exists a triangle ∆1 in C with
sides s1, s3, s4 in counterclockwise order and an orientation preserving
immersion ρ1 : ∆1 → (Y1, q1) satisfying the following:
(1-1) ∆1 is a right strongly (s1,v)-restricted triangle,
(1-2) ∆0 ∩∆1 = s1,
(1-3) ρ1|Int(∆1) is a local isometric embedding,
(1-4) ρ1(Int(∆1)) contains no singular points,
(1-5) every vertex of ∆1 is mapped to p0,
(1-6) ρ0 ◦ s2 = ρ1 ◦ s2 holds and
(1-7) ρ1 ◦ si is a saddle connection or a returning geodesic for each
i = 3, 4
(see Figure 12).
s0
s1s2 s3
s4
∆0
∆1
v
Figure 12. Triangles ∆0,∆1 and dotted lines which are
parallel to v
If s3 is mapped via ρ1 to a returning geodesic, let ∆ be the triangle
spanned by s0 and s3. By construction, ∆ is contained in ∆0 ∪ ∆1.
Regarding ρ1 as a map from ∆1 to (Y, q), the map ρ : ∆ → (Y, q)
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defined by
ρ(z) =
{
ρ0(z) (z ∈ ∆0)
ρ1(z) (z ∈ ∆1)
is well-defined. The triangle ∆ and the map ρ satisfy all conditions
as in Theorem 3.13. Hereafter we assume that s3 is not mapped via
ρ1 to a returning geodesic. Let Y2 be the connected component of
Y1 − ρ1(∆1) whose boundary is ρ1 ◦ s3. We sew the boundary of Y2 as
we do for Y1. Then Y2 is a compact surface of genus 0 and q1 induces
a meromorphic quadratic differential q2 on Y2 such that ρ1 ◦ s3 is a
returning geodesic on the flat surface (Y2, q2). We apply Proposition
3.7 to ρ1◦s3 and the vector v. Then, there exists a triangle ∆2 in C with
sides s3, s5, s6 in counterclockwise order and an orientation preserving
immersion ρ2 : ∆2 → (Y2, q2) satisfying the following:
(3-1) ∆2 is a right strongly (s3,v)-restricted triangle,
(3-2) ∆1 ∩∆2 = s3,
(3-3) ρ2|Int(∆2) is a local isometric embedding,
(3-4) ρ2(Int(∆2)) contains no singular points,
(3-5) every vertex of ∆2 is mapped to p0,
(3-6) ρ1 ◦ s3 = ρ2 ◦ s3 holds and
(3-7) ρ2 ◦ si is a saddle connection or a returning geodesic for each
i = 5, 6
(see Figure 13).
s0
s1s2 s3
s4
s5
s6
∆0
∆1
∆2
v
Figure 13. Triangles ∆0,∆1,∆2 and dotted lines which
are parallel to v
If s5 is mapped via ρ2 to a returning geodesic, let ∆ be the triangle
spanned by s0 and s5. By construction, ∆ is contained in ∆0∪∆1∪∆2.
Regarding ρ1 and ρ2 as a map to (Y, q), the map ρ : ∆→ (Y, q) defined
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by
ρ(z) =

ρ0(z) (z ∈ ∆0)
ρ1(z) (z ∈ ∆1)
ρ2(z) (z ∈ ∆2)
is well-defined. The triangle ∆ and the map ρ satisfy all conditions
as in Theorem 3.13. If s5 is not mapped via ρ1 to a returning geo-
desic, we do the same argument as above by using the vector v. Since
the angle around p0 is finite, this process must stop by finitely many
steps. At the end of this process, we have triangles ∆k with sides
s2k−1, s2k+1, s2k+2 (k = 1, . . . , n) and orientation preserving immersions
ρk : ∆k → (Yk, qk) (k = 1, . . . , n) satisfying the following conditions:
(3-1) ∆k is a right strongly (s2k−1,v)-restricted triangle,
(3-2) ∆k−1 ∩∆k = s2k−1 and
(3-3) ρk|Int(∆k) is a local isometric embedding,
(3-4) ρk(Int(∆k)) contains no singular points,
(3-5) every vertex of ∆k is mapped to p0,
(3-6) ρk−1 ◦ s2k−1 = ρk ◦ s2k−1 holds,
(3-7) ρk ◦ s2k+1 is a saddle connection for each i = 1, . . . , n− 1 and
(3-8) ρn ◦ s2n+1 is .a returning geodesic
Let ∆ be the triangle spanned by s0 and s2n+1. By construction, ∆ is
contained in ∆0 ∪∆1 ∪ · · · ∪∆n. The map ρ : ∆→ (Y, q) defined by
ρ(z) =

ρ0(z) (z ∈ ∆0)
ρ1(z) (z ∈ ∆1)
...
ρn(z) (z ∈ ∆n)
is well-defined. Now ∆ and ρ satisfy all conditions as in Theorem
3.13. 
Corollary 3.14. Let (Y, q) be a flat surface of genus 0 such that q
has a unique zero p0. Suppose that s is a returning geodesic on (Y, q)
which starts from the point p0. Then there exist a quadrilateral Q in
C with sides s0, s1, s2, s3 in counterclockwise order and an orientation
preserving immersion ρ : Q→ (Y, q) satisfying the following:
(1) the quadrilateral Q is convex,
(2) ρ|Int(Q) is a local isometric embedding,
(3) ρ(Int(Q)) contains no singular points,
(4) every vertex of Q is mapped to p0,
(5) s = ρ ◦ s0 holds,
(6) ρ ◦ s2 is a saddle connection and
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(7) ρ ◦ si is a returning geodesic for each i = 1, 3.
Proof. By Theorem 3.13, there exist a triangle ∆ in C with sides
s0, s1, s2 in counterclockwise order and an orientation preserving im-
mersion ρ0 : ∆ → (Y, q) satisfying the same conditions as in Theorem
3.13. Set Y ′ = Y − ρ0(∆). Then Y ′ is a surface with a boundary
ρ0 ◦ s2. Sewing the boundary, Y is a compact surface of genus 0 and q
induces a meromorphic quadratic differential q′ on Y ′ such that ρ0 ◦ s2
is a returning geodesic on the flat surface (Y ′, q′). We apply Theorem
3.13 to ρ0 ◦ s2 and a vector v which is parallel to s. Then, there exists
a triangle ∆′ in C with sides s2, s3, s4 in counterclockwise order and
an orientation preserving immersion ρ1 : ∆
′ → (Y ′, q′). satisfying the
following:
(1) ∆′ is a left strongly (s2,v)-restricted triangle,
(2) ∆ ∩∆′ = s2,
(3) ρ1|Int(∆′) is a local isometric embedding,
(4) ρ1(Int(∆
′)) contains no singular points,
(5) every vertex of ∆′ is mapped to p0,
(6) ρ0 ◦ s2 = ρ1 ◦ s2 holds and
(7) ρ1 ◦ s4 is a returning geodesic
(see Figure 14). Regard ρ1 as a map to (Y, q) and set Q = ∆∪∆′ and
ρ(z) =
{
ρ0(z) (z ∈ ∆)
ρ1(z) (z ∈ ∆′).
Then Q and ρ satisfy all conditions.
s0
s1s2
s3
s4
∆∆′
v
Figure 14. Triangles ∆ and ∆′

3.3.1. Proof of the inequality (1). In this subsection, we prove Theorem
2.14. The upper estimates of N(X,ω) are given by Proposition 3.1. We
give the lower estimates in Proposition 3.18.
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Lemma 3.15. Let (Y, q) be a flat surface of genus 0 which has no ze-
ros. Let s be a returning geodesic on (Y, q). Then there exists a triangle
∆ with sides s0, s1, s2 in counterclockwise order and an orientation pre-
serving immersion ρ : ∆→ (Y, q) satisfying the following:
(1) ρ|Int(∆) is a local isometric embedding,
(2) ρ(Int(∆)) contains no singular points,
(3) all vertices of ∆ are mapped to the same pole,
(4) s = ρ ◦ s0 holds and
(5) ρ ◦ si is a returning geodesic for each i = 1, 2.
Moreover, there exists a saddle connection δ on (Y, q) which connects
two distinct poles and is disjoint from s
Proof. By Riemann-Hurwitz formula, (Y, q) has only four simple poles
p1, p2, p3, p4. We assume that p1 and p2 are contained in s. Cut (Y, q)
along s. Then (Y, q) is a flat surface with a geodesic boundary. Let s′ be
a returning geodesic in (Y, q) which starts from p1 and passing through
p3. Let s
′′ be a returning geodesic in (Y, q) which starts from p2 and
passing through p4 and is disjoint from s
′. We again cut (Y, q) along s′
and s′′. Then, (Y, q) is a simply connected flat surface whose bound-
ary consists of three geodesics. This means that (Y, q) − (s ∪ s′ ∪ s′′)
is isometric to the interior of a triangle ∆. From this, there exists an
orientation preserving immersion ρ : ∆ → (Y, q) satisfying all condi-
tions as in the claim. Let d be the segment which connects midpoints
of sides s1 and s2 other than s0. Then δ = ρ(d) is a saddle connection
which connects two distinct poles and is disjoint from s 
Lemma 3.16. Let g ≥ 2. Let (Y, q) be a flat surface of genus 0 which
has a unique zero p0 of order 2g−3. Then there exist saddle connections
δ1, . . . , δg such that each of whose end points are poles and they are
disjoint to each other.
Proof. The proof is done by induction. If g = 2 holds, then the zero of
(Y, q) is of order 1. Thus, (Y, q) has five simple poles. Let s be a return-
ing geodesic on (Y, q). By Corollary 3.14, there exist a quadrilateral
Q with sides s0, s1, s2, s3 in counterclockwise order and ρ : Q → (Y, q)
satisfying the same conditions as in Corollary 3.14. Let d1 be the seg-
ment which connects the midpoints of s1 and s3. We set δ1 = ρ(d1).
By construction, δ1 is a saddle connection whose endpoints are poles.
Next, we cut Y along ρ(s2). Let Y1 be the connected component which
does not contain δ1. Sewing the boundary, Y1 is a compact surface of
genus 0. Let q1 be a holomorphic quadratic differential on Y1 induced
by q. Then (Y1, q1) has a flat surface of genus 0 which has no zero.
By Lemma 3.15, there exists a saddle connection δ2 in (Y1, q1) which
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connects two distinct poles and is disjoint from ρ(s2). Now we obtain
two disjoint saddle connections δ1 and δ2.
Assume that Lemma 3.16 is true for some g ≥ 2. Let (Y, q) be a flat
surface of genus 0 which has a unique zero p0 of order 2(g + 1)− 3 =
2g − 1. By Corollary 3.14, there exist a quadrilateral Q with sides
s0, s1, s2, s3 in counterclockwise order and ρ : Q→ (Y, q) satisfying the
same conditions as in Corollary 3.14. Let d1 be the segment which
connects the midpoints of s1 and s3. The saddle connection δ1 = ρ(d1)
is one whose endpoints are poles. Next, we cut Y along ρ(s2). Let Y1
be the connected component which does not contain δ1. Sewing the
boundary, Y1 is a compact surface of genus 0. Let q1 be a holomorphic
quadratic differential on Y1 induced by q. Then (Y1, q1) is a flat surface
of genus 0 which has a unique zero of order 2g− 3. By assumption, we
obtain g disjoint saddle connections δ2, . . . , δg+1 each of which connects
distinct poles. Regarding them as saddle connections on (Y, q), we have
saddle connections δ1, . . . , δg as desired. 
Lemma 3.17. Let g ≥ 2. Let (Y, q) be a flat surface of genus 0 which
has a unique zero p0 of order 2g−2. Then there exist saddle connections
δ1, . . . , δg+1 such that each of whose end points are poles and they are
disjoint to each other.
Proof. By Theorem 3.13, there exist a triangle ∆ in C with sides
s0, s1, s2 in counterclockwise order and an orientation preserving im-
mersion ρ : ∆→ (Y, q) which satisfy the same conditions as in Theorem
3.13. Let d1 be the segment connecting the midpoints of s0 and s1. The
saddle connection δ1 = ρ(d1) connects two poles. Next, we construct
a flat surface (Y1, q1) from Y − ρ(∆) by sewing the boundary. Then
(Y1, q1) is a flat surface of genus 0 which has a unique zero of order
2g − 3. By Lemma 3.16, the flat surface (Y1, q1) has g disjoint saddle
connections δ2, . . . , δg+1 each of which connects distinct poles. Regard-
ing them as saddle connections on (Y, q), we have saddle connections
δ1, . . . , δg+1 as desired. 
Proposition 3.18. Let g ≥ 2.
(1) If (X,ω) ∈ Hhyp(2g−2), then there exist disjoint regular closed
geodesics γ1, . . . , γg on (X,ω) which are invariant under τ and
are not homotopic to each other. Moreover, we have N(X,ω) ≤
g.
(2) If (X,ω) ∈ Hhyp(g − 1, g − 1), then there exist disjoint regular
closed geodesics γ1, . . . , γg+1 on (X,ω) which are invariant un-
der τ and are not homotopic to each other. Moreover, we have
N(X,ω) ≤ g + 1.
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Proof. Assume that (X,ω) ∈ Hhyp(2g − 2) and τ is the hyperelliptic
involution of (X,ω). Let (Y, q) be a flat surface of genus 0 which is the
quotient (X,ω) by τ . Then (Y, q) has a unique zero p0 of order 2g− 3.
By Lemma 3.16, there exist disjoint saddle connections δ1, . . . , δg each
of which connects distinct poles. Let γi be the regular closed geodesic in
(X,ω) which is projected to δi by the natural projection from (X,ω) to
(Y, q) for each i = 1, . . . , g. Then the regular closed geodesics γ1 . . . , γg
are disjoint to each other. Therefore, we have N(X,ω) ≥ g. The proof
of the statement of (2) is also done by the same way. 
By the same argument as in the proofs of Proposition 3.16 and Propo-
sition 3.17, we have Theorem 3.20.
Definition 3.19. A family of curves C on a surface S fills up S if every
connected component of S −⋃ C is simply connected.
Theorem 3.20. Let (X,ω) ∈ Hhyp(2g − 2) ∪Hhyp(g − 1, g − 1) and τ
the hyperelliptic involution of (X,ω). Given a saddle connection s on
(X,ω) which is invariant under τ .
(1) If (X,ω) ∈ Hhyp(2g−2), then (X,ω) is constructed from 2g−1
parallelograms as in Figure 15 by gluing same labels so that the
sides with label b1 correspond to s. Moreover, there exist regular
closed geodesics α1, . . . , αg, β1, . . . , βg satisfying the following:
• each of the geodesics is invariant under τ ,
• αi (i = 1, . . . , g−1) passes through the points corresponding
to the centers of the parallelograms with labels 2i − 1 and
2i
• αg passes through the midpoints of sides with label ag,
• β1 passes through the midpoints of sides with label b1,
• βi (i = 2, . . . , g) passes through the points corresponding
to the centers of the parallelograms with labels 2i − 2 and
2i− 1 and
• the family {α1, . . . , αg, β1, . . . , βg} fills up (X,ω).
(2) If (X,ω) ∈ Hhyp(g−1, g−1), then (X,ω) is constructed from 2g
parallelograms as in Figure 16 by gluing same labels so that the
sides with label b1 correspond to s. Moreover, there exist regular
closed geodesics α1, . . . , αg, β1, . . . , βg+1 satisfying the following:
• each of the geodesics is invariant under τ ,
• αi (i = 1, . . . , g) passes through the points corresponding to
the centers of the parallelograms with labels 2i− 1 and 2i
• β1 passes through the midpoints of sides with label b1,
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• βi (i = 2, . . . , g) passes through the points corresponding
to the centers of the parallelograms with labels 2i − 2 and
2i− 1,
• βg+1 passes through the midpoints of sides with label bg+1
and
• the family {α1, . . . , αg, β1, . . . , βg+1} fills up (X,ω).
1 2
3 4
2g − 5 2g − 4
2g − 3 2g − 2
2g − 1
a1 a1
a2 a2
ag−2
ag−2
ag−1 ag−1
ag ag
b1
b1
b2
b2 bg−1
bg−1
bg
bg
Figure 15. Construction of (X,ω) ∈ Hhyp(2g − 2)
1 2
3 4
2g − 5 2g − 4
2g − 3 2g − 2
2g − 1 2g
a1 a1
a2 a2
ag−2
ag−2
ag−1 ag−1
ag ag
b1
b1
b2
b2 bg−1
bg−1
bg
bg
bg+1
bg+1
Figure 16. Construction of (X,ω) ∈ Hhyp(g − 1, g − 1)
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Remark. In the case of translation surfaces in Hhyp(4), the construc-
tion by the parallelograms as in Theorem 3.20 is proved by Nguyen
[Ngu11, Theorem 1.1]. In the case of Veech surfaces in Hhyp(2g − 2) ∪
Hhyp(g − 1, g − 1), it is also proved by Nguyen-Pan-Su [NPS20, In the
proof of Proposition 7.4].
Proof. We prove in the case of (X,ω) ∈ Hhyp(2g − 2). The case of
(X,ω) ∈ Hhyp(g − 1, g − 1) is proved by the same way. Let (X,ω) ∈
Hhyp(2g−2) with the hyperelliptic involution τ . Then, Y = X/ 〈τ〉 is a
surface of genus 0 and τ induces a holomorphic quadratic differential q
on Y . The quadratic differential q has a unique zero p0 of order 2g−3.
Given a returning geodesic s on (Y, q). By Theorem 3.13, there exists
a triangle ∆1 in C with sides s0, s1, s2 in counterclockwise order and
an orientation preserving immersion ρ1 : ∆1 → (Y, q) satisfying the
following:
(1-1) ρ1|Int(∆1) is a local isometric embedding,
(1-2) ρ1(Int(∆1)) contains no singular points,
(1-3) every vertex of ∆1 is mapped to p0,
(1-4) s = ρ1 ◦ s0 holds,
(1-5) ρ1 ◦ s1 is a saddle connection and
(1-6) ρ1 ◦ s2 is a returning geodesic.
Set Y1 = Y − ρ1(∆1). Then Y1 is a surface with a boundary ρ1 ◦ s1.
Sewing the boundary, Y1 is a compact surface of genus 0 and q induces
a meromorphic quadratic differential q1 on Y1 such that ρ1 ◦ s1 is a
returning geodesic on the flat surface (Y1, q1). We apply Theorem 3.13
to ρ1 ◦ s1 and a unit vector v1 which is parallel to s0. There exists
a triangle ∆2 in C with sides s1, s3, s4 in counterclockwise order and
an orientation preserving immersion ρ2 : ∆2 → (Y, q) satisfying the
following:
(2-1) ∆2 is a right strongly (s1,v1)-restricted triangle,
(2-2) ∆1 ∩∆2 = s1,
(2-3) ρ2|Int(∆2) is a local isometric embedding,
(2-4) ρ2(Int(∆2)) contains no singular points,
(2-5) every vertex of ∆2 is mapped to p0,
(2-6) ρ1 ◦ s1 = ρ2 ◦ s1 holds,
(2-7) ρ2 ◦ s4 is a saddle connection and
(2-8) ρ2 ◦ s3 is a returning geodesic.
Set Y2 = Y1 − ρ2(∆2). Then Y2 is a surface with a boundary ρ2 ◦ s4.
Sewing the boundary, Y2 is a compact surface of genus 0 and q1 induces
a meromorphic quadratic differential q2 on Y2 such that ρ2 ◦ s4 is a
returning geodesic on the flat surface (Y2, q2). We apply Theorem 3.13
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to ρ2 ◦ s4 and a unit vector v2 which is parallel to s1. There exists
a triangle ∆3 in C with sides s4, s5, s6 in counterclockwise order and
an orientation preserving immersion ρ3 : ∆3 → (Y, q) satisfying the
following:
(3-1) ∆3 is a left strongly (s4,v2)-restricted triangle,
(3-2) ∆2 ∩∆3 = s4,
(3-3) ρ3|Int(∆3) is a local isometric embedding,
(3-4) ρ3(Int(∆3)) contains no singular points,
(3-5) every vertex of ∆3 is mapped to p0,
(3-6) ρ2 ◦ s4 = ρ3 ◦ s4 holds,
(3-7) ρ3 ◦ s5 is a saddle connection and
(3-8) ρ3 ◦ s6 is a returning geodesic
(see Figure 17). We repeat this process. Then we have unit vectors
v3, . . . ,v2g−2, triangles ∆4, . . . ,∆2g−1 and orientation preserving im-
mersions ρi : ∆i → (Y, q) (i = 4, . . . , 2g − 1) satisfying the following:
(4-1) ∆2k is a right strongly (s4k−3,v2k−1)-restricted triangle with sides
s4k−3, s4k−1, s4k for k = 2, . . . , g − 1,
(4-2) ∆2k+1 is a left strongly (s4k,v2k)-restricted triangle with sides
s4k, s4k+1, s4k+2 for k = 1, . . . , g − 1,
(4-3) v2k is a unit vector which is parallel to s4k−3 for k = 2, . . . , g− 1,
(4-4) v2k+1 is a unit vector which is parallel to s4k for k = 1, . . . , g− 2,
(4-5) ρi|Int(∆i) is a local isometric embedding,
(4-6) ρi(Int(∆i)) contains no singular points,
(4-7) every vertex of ∆i is mapped to p0 for i = 4, . . . , 2g − 1,
(4-8) ∆i and ∆i+1 share only one edge,
(4-9) ρi and ρi+1 coincide on the shared side of ∆i and ∆i+1 for i =
3, . . . , 2g − 2,
(4-10) the sides of ∆i which are shared by other triangles is mapped via
ρi to saddle connections and
(4-11) the side of ∆i which is not shared by other triangles is mapped
via ρi to a returning geodesic for i = 4, . . . , 2g − 1
(see Figure 18). Set P = ∆1 ∪ · · · ∪ ∆2g−1. The immersions ρi (i =
1, . . . , 2g − 1) induces a surjective immersion ρ : P → (Y, q). We
construct parallelograms constructing (X,ω) from P and ρ. The sides
of P are s0, s2, s3, s6, s7, . . . , s4g−6, s4g−5, s4g−3 and s4g−2. Let f(i) be
an element in {1, . . . , 2g − 1} such that si is a side of ∆f(i) and Mi the
midpoint of sides si for each i = 2, 3, 6, 7, . . . , 4g−6, 4g−5, 4g−3, 4g−2.
We denote by rP the point reflection in a point P ∈ C. Set Pf(i) =
∆f(i)∪rMi(∆f(i)) for each i = 2, 3, 6, 7, . . . , 4g−6, 4g−5, 4g−2. Not that
we set them for i 6= 0, 4g − 3. Then, Pf(i) is a parallelogram. Set P˜ =⋃{
Pf(i) : i = 2, 3, 6, 7, . . . , 4g − 6, 4g − 5, 4g − 2
}
. The immersion ρ :
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P → (Y, q) induces an immersion ρ˜ : P˜ → (X,ω) such that ρ˜|Int(P˜ )
is a local isometry. This gives parallelograms constructing (X,ω) as
desired.
Finally, we construct regular closed geodesics α1, . . . , αg, β1, . . . , βg
satisfying the conditions. By construction, ∆i ∪∆i+1 is convex for i =
1, . . . , 2g − 2. Let δi be the segment in P connecting M4i−2 and M4i−1
for i = 1, g − 1, and δg the segment connecting M4g−3 and M4g−2. Let
δ′i+1 be the segment in P connectingM4i−1 andM4i+2 for i = 1, . . . , g−1
and δ′1 the segment connecting M0 and M2. The preimages αi and βi
of δi and δ
′
i in P˜ are mapped via ρ˜ to regular closed geodesics for each
i = 1, . . . , g. They satisfy the conditions as in the claim.

s0
s1s2 s3
s4
s5s6
v1
v2
v2
∆1
∆2
∆3
Figure 17. Triangles ∆1,∆2,∆3 and their sides
4. Classification theorem for translation surfaces in
Hhyp(4)
The classification theorem for compact surfaces claims that every
orientation preserving compact surface of genus g ≥ 1 is constructed
from a sphere by gluing g cylinders. In this section, we proof same kind
of classification theorem for almost all translation surfaces in Hhyp(4).
Definition 4.1 (Maximal cylinder and simple cylinder). Let (X,ω)
be a translation surface and γ a regular closed geodesic on (X,ω).
A maximal cylinder for γ is the union of all regular closed geodesics
which are homotopic to γ (see Proposition 2.9). A simple cylinder is
a maximal cylinder each of whose boundary components is only one
saddle connection.
Theorem 4.2. Let (X,ω) ∈ Hhyp(4) and τ the hyperelliptic involution
of (X,ω). If (X,ω) 6∈ GL(2,R)·St5, there exist disjoint simple cylinders
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s0
s1s2 s3
s4
s5s6
s4g−7
s4g−6
s4g−5
s4g−4
s4g−3
s4g−2
v1
v2
v3
v2g−3
v2g−2
∆1
∆2
∆3
∆2g−3
∆2g−2
∆2g−1
Figure 18. Triangles ∆1, . . . ,∆2g−1 and their sides
M0
M2
M3
M6
M4g−6
M4g−5
M4g−2
M4g−3
Figure 19. The union P of parallelograms
C1, C2, C3 each of which is invariant under τ . If (X,ω) ∈ GL(2,R)·St5,
then (X,ω) has at most two disjoint simple cylinders.
As corollaries of this theorem, we have the following.
Corollary 4.3 (Classification theorem for translation surfaces inHhyp(4)).
Let (X,ω) ∈ Hhyp(4) \GL(2,R) · St5. Then, there exists a flat surface
(X0, q) of genus 0 such that q has a zero p0 of order 2 and six sim-
ple poles p1, p2, . . . , p6, an involution τ0 : X0 → X0, saddle connections
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δ1
δ2
δg−1
δg
δ′1
δ′2
δ′g−1
δ′g
Figure 20. Segments δ1, . . . , δg, δ
′
1, . . . , δ
′
g
s1, s2, s3 and Euclidean cylinders C1, C2, C3 satisfying the following (see
Figure 21):
(1) τ ∗0 q = q,
(2) si is a saddle connection of (X0, q) connecting p0 and pi for
i = 1, 2, 3,
(3) τ0(si) connects p0 and pi+3 for i = 1, 2, 3,
(4) each two of s1, s2, s3, τ0(s1), τ0(s2) and τ0(s3) intersect only at
p0 and
(5) (X,ω) is obtained by cutting (X0, q) along the saddle connec-
tions s1, s2, s3, τ0(s1), τ0(s2), τ0(s3) and gluing Ci to the slits si
and τ0(si) for all i = 1, 2, 3.
Proof. Let (X,ω) ∈ Hhyp(4) \ GL(2,R) · St5. By Theorem 4.2, (X,ω)
has disjoint simple cylinders C1, C2, C3 each of which is invariant under
τ . Removing the cylinders from (X,ω) and sewing the 6 boundaries
respectively, the resulting surface X0 is a Riemann surface of genus 0
and has a quadratic differential q induced by ω2. The hyperelliptic
involution τ of (X,ω) induces an involution τ0 : X0 → X0. Let si be
the sewed boundary of (X0, q) which is a boundary component of Ci
for each i = 1, 2, 3. Then, τ0 and s1, s2, s3 satisfy the conditions as in
the claim. 
Corollary 4.4. Let (X,ω) ∈ Hhyp(4) \GL(2,R) · St5. Then, (X,ω) is
constructed from a center symmetric hexagon H and 3 parallelograms
P1, P2, P3 by gluing them as in Figure 3.20.
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p1
p2
p3
p4
p5
p6 C1
C2
C3
s1
s2 s3
Figure 21. The flat surface(Cˆ, q) and cylinders C1, C2
and C3
H
P1
P2
P3 a1
a1
a2a2
a3
a3
b1
b1
b2
b2
b3
b3
Figure 22. Construction of (X,ω) from a center sym-
metric hexagon and 3 parallelograms
Proof. Let (X,ω) ∈ Hhyp(4) \ GL(2,R) · St5. By Corollary 4.3, the
translation surface (X,ω) is constructed from a flat surface (X0, q)
which have a unique zero p0 and an involution τ0 by gluing Euclidean
cylinders C1, C2, C3 along slits s1, s2, s3, τ0(s1), τ0(s2) and τ0(s3). We
cut X0 along the slits. Since τ0 is an involution, the resulting surface
is a center symmetric hexagon. We also cut each cylinder Ci (i =
1, 2, 3) along a segment connecting the points corresponding to p0 on its
boundary components. Then, the resulting surfaces are parallelograms.

First, we prove the last part of Theorem 4.2.
Lemma 4.5. If (X,ω) ∈ GL(2,R) · St5, then (X,ω) has at most two
disjoint simple cylinders.
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Proof. We may assume that (X,ω) = St5. Then, the Veech group
Γ(St5) is a lattice in SL(2,R) and the quotient H/Γ(St5) has two punc-
tures (see Example 2.5). Let p1 and p2 be fixed points of St5 which are
the images of the midpoints of sides with labels a and 3 as in Figure
1, respectively. The cylinder decomposition for direction pi
4
has only
on cylinder which is not a simple cylinder. The cylinder decompo-
sition for direction 0 has three cylinders. Only one of the cylinders
is a simple cylinder. We denote this simple cylinder by C0. Let C
be a simple cylinder on (X,ω). By Theorem 2.19, the cylinder C
is contained in a cylinder decomposition for some direction θ. Since
Peri(X,ω)/Γ(X,ω) =
{
[0] ,
[
pi
4
]}
holds, there exists A ∈ Γ(X,ω) which
maps the direction 0 to θ. By Proposition 2.21 and Proposition 2.23,
the cylinder C must contain p1 or p2. This means that (X,ω) has at
most two disjoint simple cylinders. 
We prove the first claim of Theorem 4.2.
Proof of Theorem 4.2. We assume that (X,ω) ∈ Hhyp(4) and τ is the
hyperelliptic involution of (X,ω). By Theorem 3.20, the translation
surface (X,ω) is constructed from 5 parallelograms as in Figure 23 by
gluing the same labels. By replacing (X,A ◦ ω) to (X,ω) for some
A ∈ GL(2,R) if necessary, we can assume that the third parallelogram
is a square. We label vertices of the parallelograms as in Figure 24.
Let O1, O2, O3, O4 and O5 be midpoint of segments OD,AE,DG, IO
and JA, respectively. We also denote by P the midpoint of the edge
FG.
a1 a1
a2
a2
a3
a3
b1
b1
b2
b2
b5
b5
Figure 23. Construction of (X,ω) ∈ Hhyp(2g − 2)
Case (i) Assume that OA and AB are not parallel. A simple cylinder
C1 is obtained from the parallelogram OHIJ by gluing OH and IJ .
Another simple cylinder C2 is obtained from the parallelogram DEFG
by gluing DF and EG. Let γ be the regular closed geodesic passing
through O1 and O2. The length of γ is 2O1O2 since γ is invariant under
τ . The union of the regular closed geodesics which are homotopic to γ
is a third simple cylinder C3 (see Figure 25).
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O
A B
C D
E
F G
H
I J K
P
O1 O2
O3
O4 O5
Figure 24. Labels of the vertices of parallelograms
O
A B
C D
E
F G
H
I J K
C1
C2
C3
Figure 25. Simple cylinders C1, C2, C2 in Case (i)
Case (ii) Assume that DA and AK are not parallel. In this case, we
can obtain three simple cylinders by the same way as in Case (i).
Case(iii) Assume that OA and AB are parallel and DA and AK are
parallel.
Case (iii)-1 Suppose that AB and AK are shorter than OA. The
cylinders C1 and C3 are same as in Case (i). We construct a third
cylinder. Let γ be the regular closed geodesic γ passing through O2
and O5. Since the distance between O2O5 and A is less than that of EJ
and A, the union of the regular closed geodesics which are homotopic
to γ is a simple cylinder C2 one of whose boundaries is EJ (see Figure
27).
O
A B
C D
E
F G
H
I J K
O1 O2
O3
O4 O5
Figure 26. Parallelograms and labels in Case (iii)-1
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O
A B
C D
E
F G
H
I J K
C1
C2
C3
Figure 27. Simple cylinders C1, C2, C3 in Case (iii)-1
Case (iii)-2 Suppose that AB or AK is longer than OA. We may
assume that AB is longer than OA. To make the argument easy, we
also assume that OA is horizontal. The cylinder C1 is same as in
Case (i). We construct other two cylinders. Let Pn be the point such
that
−−−→
O3Pn =
n
2
−−→
DE for each n ∈ Z. We can replace the parallelogram
DEGF to the parallelogram DEGnFn whose center is Pn. Then Pn−1
and Pn+1 are the midpoints of sides DFn and EGn, respectively (see
Figure 28). The inequality
O1O2 =
1
2
CE =
1
2
(CD +DE) < DE
implies that the lines O1D andO2E intersect below O1O2. The segment
which connects lines O1D and O2E and is at the same height as O3
has length greater than DE. Therefore, there exists n ∈ Z such that
the segments O1Pn and O2Pn+1 are in the polygon OABEGnFnDC.
The segments O1Pn and O2Pn+1 are not parallel since O1O2 >
1
2
DE =
PnPn+1 holds. Let γ be the regular closed geodesic passing through
O1 and Pn and γ
′ the regular closed geodesic passing through O2 and
Pn+1. The union of the regular closed geodesics which are homotopic
to γ is a simple cylinder C2. The union of the regular closed geodesics
which are homotopic to γ′ is a simple cylinder C3 (see Figure 29).
O
A B
C
D E
F G
H
I J K
O1 O2
O3
O4 O5
O
A B
C
D E
F1 G1
H
I J K
O1 O2
O4 O5
P0 P1 P2
Figure 28. Parallelograms and Pn in Case (iii)-2
SIMPLE CLOSED GEODESICS ON HYPERELLIPTIC TRANSLATION 41
O
A B
C D
E
H
I J K
Fn Gn
C1
C2 C3
Figure 29. Simple cylinders C1, C2, C3 in Case (iii)-2
Case (iii)-3 Suppose that AB = AK = OA holds and the line O1D
does not pass through Pn for all n ∈ Z (see Figure 30). Here, Pn is
defined in Case (iii)-2. Then, simple cylinders C1, C2, C3 are given by
the same way as in Case (iii)-2.
O
A B
C
D
E
Fn Gn
H
I J K
O1 O2
O4 O5
Pn−1 Pn Pn+1
Figure 30. Parallelograms and Pn in Case (iii)-3
Case (iii)-4 Suppose that AB = AK = OA holds, there exists n ∈ Z
such that the line O1D passes through Pn−1 and FnD 6= DO holds (see
Figure 31). Here, Pn and Fn is defined in Case (iii)-2. The cylinder C1
is same as in Case (i). We construct other two cylinders. The segments
O5Pn−1 and O2Pn are in the parallelograms. We show that O5Pn−1 and
O2Pn are not parallel. Let Q be the midpoint of O1 and O2. If O5Pn−1
and O2Pn are parallel, O5Pn−1 is also parallel to QPn−1 since QPn−1
and O2Pn are parallel. This implies that O5Pn−1 passes through Q.
Since DQ : O1O5 = 1 : 2 holds and DQ and O1O5 are parallel, we have
Pn−1D : DO1 = 1 : 1. Hence, we have
FnD = 2Pn−1D = 2DO1 = DO.
This is a contradiction. Thus, O5Pn−1 and O2Pn are not parallel. Let γ
be the regular closed geodesic passing through O5 and Pn−1 and γ
′ the
regular closed geodesic passing through O2 and Pn. The union of the
regular closed geodesics which are homotopic to γ is a simple cylinder
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C2. The union of the regular closed geodesics which are homotopic to
γ′ is a simple cylinder C3 (see Figure 32).
O
A B
C
D
E
Fn Gn
H
I J K
O1 O2
O4 O5
Pn−1 Pn Pn+1
Figure 31. Parallelograms and Pn in Case (iii)-4
O
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H
I J K
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C2
C3
Figure 32. Simple cylinders C1, C2, C3 in Case (iii)-4
Case (iii)-5 Suppose that AB = AK = OA holds, there exists n ∈ Z
such that the line O1D passes through Pn−1 and FnD = DO holds.
Here, Pn and Fn is defined in Case (iii)-2. We also use Gn as in Case
(iii)-2. Note that Fn = Gn−1 holds for all n ∈ Z. Before finding
simple cylinders, we observe that the parallelograms DEGnFn can be
replaced to a square. By assumption, ∠FnDE =
pi
4
and FnD =
√
2DE,
the parallelogram DEGn−1Fn−1 is a square. Thus, we replace the par-
allelogram DEGnFn to the square DEGn−1Fn−1. If the parallelogram
OHIJ can also be replaced to a square, then (X,ω) coincides with
St5. Therefore, the square OHIJ cannot be replaced to a square. A
simple cylinder C1 is obtained from the square replaced from DEGnFn.
The other simple cylinders C2, C3 are obtained from the parallelogram
OHIJ and 3 squares OADC, ABED and OJKA by applying the same
argument as above. 
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5. Nets of translation surfaces in Hhyp(4) ∪ Hhyp(2, 2)
By Theorem 2.14, every translation surface (X,ω) in Hhyp(2g−2)∪
Hhyp(g−1, g−1) has N(X,ω) disjoint regular closed geodesics such that
they are not homotopic to each other and each of them are invariant
under the hyperelliptic involution. There are some possibilities for con-
figurations of the maximal cylinders of the geodesics in (X,ω). In the
case of Corollary 4.4, maximal cylinders are glued to a hexagon which is
the compliment of the cylinders. However, maximal cylinders may have
some common saddle connections in general. In this section, we give
all configurations of the maximal cylinders of hyperelliptic translation
surfaces of genus g = 2, 3.
Lemma 5.1. Let (X,ω) be a translation surface. If core curves of
simple cylinders C1, C2 on (X,ω) do not intersect, their boundaries do
not intersect except for singular points.
Proof. If the boundaries of two simple cylinders intersect other than
singular points, the boundaries must coincide. Then, it can not contain
singular points. This is a contradiction. 
Lemma 5.2. Let (X,ω) be a hyperelliptic translation surface with the
hyperelliptic involution τ . Let C1, C2 be maximal cylinders each of
which are invariant under τ . If C1 and C2 share a saddle connection s
on the boundaries, then C1 and C2 share τ(s).
Proof. If maximal cylinders C1 and C2 share a saddle connection s, the
saddle connection s is shared by C1 = τ(C1) and C2 = τ(C2). 
First, we see the case of Hhyp(2).
Theorem 5.3. Let (X,ω) ∈ Hhyp(2) and τ the hyperelliptic involution
of (X,ω). Let γ1, γ2 be regular closed geodesics such that they are dis-
joint and not homotopic to each other and each of them is invariant
under τ . Denote by nk the number of i ∈ {1, 2} such that each of its
boundary components of the maximal cylinder for γi passes the singu-
lar point k times. Then, we have (n1, n2) = (1, 1), (2, 0). Moreover, we
have the following.
(1) If (n1, n2) = (1, 1), then (X,ω) is obtained from 2 parallelo-
grams as in Figure 33 by gluing the same label edges.
(2) If (n1, n2) = (2, 0), then (X,ω) is obtained from 3 parallelo-
grams as in Figure 34 by gluing the same label edges.
The regular closed geodesics γ1, γ2 are obtained from the segments each
of which connects the mid points of the segments with label ai (i =
1, 2, 3).
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a1 a1
a2 a2
b1
b1
b2
b2
Figure 33. Theorem 5.3 (1)
a1 a1
a2
a2
b1 b1
b2
b2
Figure 34. Theorem 5.3 (2)
Proof. By definition, we have n1+n2+ · · · = 2. Let Ci be the maximal
cylinder of γi for i = 1, 2. We count the sum of the angles around the
unique singular point p0 in each Ci. If each of boundary components
of Ci passes the singular point k times, the sum is 2pik. Since p0 is the
zero of order 2, the angle around p0 is 6pi. Thus, we have
2 (n1 + 2n2 + 3n3 + · · · ) ≤ 6
This implies that (n1, n2) = (1, 1), (2, 0) and the others are 0. If
(n1, n2) = (1, 1), then n1 + 2n2 = 3 holds. Hence, (X,ω) is the union
of C1, C2 and (X,ω) is constructed from 2 parallelograms as in Figure
33. Here, the cylinders C1, C2 are obtained from the parallelograms by
gluing the segments with label ai (i = 1, 2).
If (n1, n2) = (2, 0), then the sum of the angles around p0 which are
not in the cylinders C1 and C2 is 2pi. Hence, the connected component
of X − C1 ∪ C2 is only one parallelogram or two congruent triangles.
However, the latter case does not occur since the boundaries of C1
and C2, consist of 4 saddle connections and the boundaries of the 2
triangles consist of 6 saddle connections. Hence, (X,ω) is constructed
from 3 parallelograms as in Figure 34. Here, the cylinders C1, C2 are
obtained from the parallelograms by gluing the segments with label ai
(i = 1, 2). 
Next, we see the case of Hhyp(1, 1).
Theorem 5.4. Let (X,ω) ∈ Hhyp(1, 1) and τ the hyperelliptic involu-
tion of (X,ω). Let γ1, γ2, γ3 be regular closed geodesics such that they
are disjoint and not homotopic to each other and each of them is invari-
ant under τ . Denote by nk the number of i ∈ {1, 2, 3} such that each of
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its boundary components of the maximal cylinder for γi passes the sin-
gular point k times. Then, we have (n1, n2) = (2, 1), (3, 0). Moreover,
we have the following.
(1) If (n1, n2) = (2, 1), then (X,ω) is obtained from 3 parallelo-
grams as in Figure 35 by gluing the same label edges.
(2) If (n1, n2) = (3, 0), then (X,ω) is obtained from 3 parallelo-
grams and 2 congruent triangles as in Figure 36 by gluing the
same label edges.
The regular closed geodesics γ1, γ2, γ3 are obtained from the segments
each of which connects the mid points of the segments with label ai
(i = 1, 2, 3).
a1 a1
a2 a2
a3 a3
b1
b1
b2
b2
Figure 35. Theorem 5.4 (1)
a1 a1
a2
a2
a3
a3
b1
b1b2
b2
Figure 36. Theorem 5.4 (2)
Proof. By definition, we have n1+n2+ · · · = 3. Let Ci be the maximal
cylinder of γi for i = 1, 2, 3. We count the sum of the angles around
the two singular points p0 and p1 in each Ci. If each of boundary
components of Ci passes the singular points k times, the sum is 2pik.
Since p0 and p1 are zeros of orders 1, the sum of the angles around p0
and p1 is 8pi. Thus, we have
2 (n1 + 2n2 + 3n3 + · · · ) ≤ 8.
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This implies that (n1, n2) = (2, 1), (3, 0) and the others are 0. If
(n1, n2) = (2, 1), then n1+2n2 = 4 holds. Hence, (X,ω) is the union of
C1, C2, C3. Lemma 5.1 and Lemma 5.2 imply that (X,ω) is constructed
from 3 parallelograms as in Figure 35. Here, the cylinders C1, C2, C3
are obtained from the parallelograms by gluing the segments with label
ai (i = 1, 2, 3). If (n1, n2) = (3, 0), then the sum of the angles around
p0 and p1 which are not in the cylinders C1, C2 and C3 is 2pi. Hence,
the connected component of X − C1 ∪ C2 is only one parallelogram or
two congruent triangles. Since the boundaries of C1, C2 and C3, con-
sist of 6 saddle connections, only the latter case occurs by Lemma 5.1.
By Lemma 5.1 and Lemma 5.2, (X,ω) is constructed from 3 parallel-
ograms and 2 congruent triangles as in Figure 36. Here, the cylinders
C1, C2, C3 are obtained from the parallelograms by gluing the segments
with label ai (i = 1, 2, 3). 
By the same argument as above, we can also obtain Theorem 5.5
and Theorem 5.6 which are the case of genus 3. The next is the case
of Hhyp(4).
Theorem 5.5. Let (X,ω) ∈ Hhyp(4) and τ the hyperelliptic involution
of (X,ω). Let γ1, γ2, γ3 be regular closed geodesics such that they are
disjoint and not homotopic to each other and each of them is invariant
under τ . Denote by nk the number of i ∈ {1, 2, 3} such that each of its
boundary components of the maximal cylinder for γi passes the singular
point k times. Then, we have
(n1, n2, n3) = (1, 2, 0), (2, 0, 1), (2, 1, 0), (3, 0, 0).
Moreover, we have the following.
(1) If (n1, n2, n3) = (1, 2, 0), then (X,ω) is obtained from 3 paral-
lelograms as in Figure 37 by gluing the same label edges.
(2) If (n1, n2, n3) = (2, 0, 1), then (X,ω) is obtained from 3 paral-
lelograms as in Figure 38 by gluing the same label edges.
(3) If (n1, n2, n3) = (2, 1, 0), then (X,ω) is obtained from 4 paral-
lelograms, or 3 parallelograms and 2 congruent triangles as in
Figure 39 by gluing the same label edges.
(4) If (n1, n2, n3) = (3, 0, 0), then (X,ω) is obtained from 3 paral-
lelograms and a center symmetric hexagon as in Figure 40 by
gluing the same label edges.
The regular closed geodesics γ1, γ2, γ3 are obtained from the segments
each of which connects the mid points of the segments with label ai
(i = 1, 2, 3).
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b3
Figure 37. Theorem 5.5 (1)
a1 a1
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b3
Figure 38. Theorem 5.5 (2)
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b1
b2
b2
b3
b3
Figure 39. Theorem 5.5 (3)
Proof. By definition, we have n1 + n2 + n3 + · · · = 3. Let Ci be the
maximal cylinder of γi for i = 1, 2, 3. We count the sum of the angles
around the unique singular point p0 in each Ci. If each of boundary
components of Ci passes the singular point k times, the sum is 2pik.
Since p0 is the zero of order 4, the angle around p0 is 10pi. Thus, we
have
2 (n1 + 2n2 + 3n3 + · · · ) ≤ 10.
If n1 + 2n2 + 3n3 + · · · = 5, we have (n1, n2, n3) = (1, 2, 0) or (2, 0, 1)
and the others are 0. Moreover, (X,ω) is the union of C1, C2 and
C3. If (n1, n2, n3) = (1, 2, 0), then Lemma 5.2 implies that (X,ω) is
constructed from 3 parallelograms as in Figure 37 by gluing the same
label edges. If (n1, n2, n3) = (2, 0, 1) then two simple cylinders must
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b1
b1
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b3
b3
Figure 40. Theorem 5.5 (4)
be glued the other cylinder. Therefore, Lemma 5.2 implies that (X,ω)
is obtained from 3 parallelograms as in Figure 38 by gluing the same
label edges. Next, assume that n1 + 2n2 + 3n3 + · · · = 4. Then we
have (n1, n2) = (2, 1) and the others are 0. The sum of the angles
around p0 which are not in the cylinders C1, C2 or C3 is 2pi. Hence, the
connected component of X − C1 ∪ C2 ∪ C3 is only one parallelogram
or two congruent triangles. If it is a parallelogram, it must contain a
fixed point of τ . The cylinders C1, C2 and C3 contains two fixed point
of τ , respectively. By Lemma 5.1 and Lemma 5.2, (X,ω) is obtained
from 4 parallelograms as in the left of Figure 39 by gluing the same
label edges. If the connected components of X −C1 ∪ C2 ∪ C3 are two
congruent triangles, the triangles are permuted by τ . We may assume
that C1 and C2 are simple cylinders. Then C1 and C2 contains exactly
2 fixed point of τ . The cylinder C3 also contain exactly 2 fixed points.
Moreover, C3 also has a fixed point in its boundary. By Lemma 5.1 and
Lemma 5.2, (X,ω) is obtained from 3 parallelograms and 2 congruent
triangles as in the right of Figure 39 by gluing the same label edges.
Finally, we assume that n1+2n2+3n3+ · · · = 3. Then we have n1 = 3
and the other are 0 and hence C1, C2 and C3 are simple cylinders. The
sum of angles around p0 which are not in the cylinders C1, C2 and C3
is 4pi. Since every connected component of X − C1 ∪ C2 ∪ C3 must be
glued to the simple cylinders, the complement has only one connected
component which is a center symmetric hexagon. 
Theorem 5.6. Let (X,ω) ∈ Hhyp(2, 2) and τ the hyperelliptic invo-
lution of (X,ω). Let γ1, γ2, γ3, γ4 be regular closed geodesics such that
they are disjoint and not homotopic to each other and each of them is
invariant under τ . Denote by nk the number of i ∈ {1, 2, 3, 4} such that
each of boundary components of the maximal cylinder for γi passes the
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singular point k times. Then, we have
(n1, n2, n3) = (2, 2, 0), (3, 0, 1), (3, 1, 0), (4, 0, 0).
Moreover, we have the following.
(1) If (n1, n2, n3) = (2, 2, 0), then (X,ω) is obtained from 4 paral-
lelograms as in Figure 41 by gluing the same label edges.
(2) If (n1, n2, n3) = (3, 0, 1), then (X,ω) is obtained from 4 paral-
lelograms as in Figure 42 by gluing the same label edges.
(3) If (n1, n2, n3) = (3, 1, 0), then (X,ω) is obtained from 4 paral-
lelograms and 2 triangles as in Figure 43 by gluing the same
label edges.
(4) If (n1, n2, n3) = (4, 0, 0), then (X,ω) is obtained from 4 par-
allelograms and 2 congruent parallelograms as in Figure 44 by
gluing the same label edges.
The regular closed geodesics γ1, γ2, γ3, γ4 are obtained from the segments
each of which connects the mid points of the segments with label ai
(i = 1, 2, 3, 4).
Proof. By definition, we have n1 + n2 + n3 + · · · = 4. Let Ci be the
maximal cylinder of γi for i = 1, 2, 3, 4. We count the sum of the angles
around the two singular points p0 and p1 in each Ci. If each of boundary
components of Ci passes the singular points k times, the sum is 2pik.
Since p0 and p1 are zeros of order 2, the angle around p0 is 12pi. Thus,
we have
2 (n1 + 2n2 + 3n3 + · · · ) ≤ 12.
If n1+2n2+3n3+ · · · = 6, we have (n1, n2, n3 . . . ) = (2, 2, 0) or (3, 0, 1)
and the others are 0. Moreover, (X,ω) is the union of C1, C2, C3 and
C4. If (n1, n2, n3) = (2, 2, 0), then Lemma 5.2 implies that (X,ω) is
constructed from 4 parallelograms as in Figure 41 by gluing the same
label edges. If (n1, n2, n3) = (3, 0, 1) then 3 simple cylinders must be
glued the other cylinder. Therefore, Lemma 5.2 implies that (X,ω)
is obtained from 4 parallelograms as in Figure 42 by gluing the same
label edges. Next, assume that n1 + 2n2 + 3n3 + · · · = 5. Then we
have (n1, n2) = (3, 1) and the others are 0. The sum of angles around
p0 which are not in the cylinders C1, C2, C3 or C4 is 2pi. The 8 fixed
points of the hyperelliptic involution τ are all in the union C1 ∪ C2 ∪
C3 ∪ C4. Hence, the connected components of X − C1 ∪ C2 ∪ C3 ∪ C4
are two congruent triangles. Lemma 5.1 and Lemma 5.2 imply that
(X,ω) is obtained from 4 parallelograms and 2 congruent triangles as
in Figure 43 by gluing the same label edges. Finally, we assume that
n1 + 2n2 + 3n3 + · · · = 4. Then we have n1 = 4 and the others are 0.
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The sum of angles around p0 which are not in the cylinders C1, C2, C3
or C4 is 4pi. The 8 fixed points of the hyperelliptic involution τ are
all in the union C1 ∪ C2 ∪ C3 ∪ C4. Hence, the connected components
of X − C1 ∪ C2 ∪ C3 ∪ C4 are 2 symmetric quadrilaterals or two pairs
of congruent triangles. However, the latter case does not occur since
the boundaries of C1, C2, C3 and C4 consist of 8 saddle connections and
the sum of the numbers of sides of 4 triangles is 12. Lemma 5.1 and
Lemma 5.2 imply that (X,ω) is obtained from 4 parallelograms and
2 symmetric quadrilaterals as in Figure 44 by gluing the same label
edges. 
a1 a1
a2 a2
a3 a3
a4 a4
b1
b1
b2
b2
b3
b3
Figure 41. Theorem 5.6 (1)
a1 a1
a2 a2
a3 a3
a4 a4
b1
b1
b2
b2
b3
b3
Figure 42. Theorem 5.6 (2)
Remark. It is not so hard to do the same argument as above to hy-
perelliptic translation surfaces of genera g = 4, 5, . . . . However, we do
not know the way to do this for general genus g.
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